Contributions to the theory of function fields in positive characteristic by Güneş, Burçin & Gunes, Burcin
CONTRIBUTIONS TO THE THEORY OF FUNCTION FIELDS
IN POSITIVE CHARACTERISTIC
by
Burc¸in Gu¨nes¸
Submitted to the Graduate School of Engineering and Natural Sciences
in partial fulfillment of
the requirements for the degree of
Doctor of Philosophy
Sabancı University
2019

c© Burc¸in Gu¨nes¸ 2019
All Rights Reserved
to my beloved family
Contributions to the theory of function fields in positive characteristic
Burc¸in Gu¨nes¸
Mathematics, PhD Dissertation, 2019
Thesis Supervisor: Prof. Dr. Cem Gu¨neri
Thesis Co-supervisor: Asst. Prof. Nurdagu¨l Anbar Meidl
Keywords: automorphism group, function field, Galois extension, Hermitian function
field, Hurwitz’s genus formula, nilpotent subgroup, maximal curve, positive
characteristic
Abstract
In this thesis, we consider two problems related to the theory of function fields in
positive characteristic.
In the first part, we study the automorphisms of a function field of genus g ≥ 2 over
an algebraically closed field of characteristic p > 0. We show that for any nilpotent
subgroup G of the automorphism group, the order of G is bounded by 16(g− 1) when
G is not a p-group and by
4p
(p− 1)2 g
2 when G is a p-group. Also, there are examples
of function fields attaining these bounds; therefore, the bounds we obtained cannot be
improved.
In the second part, we focus on maximal function fields over finite fields having large
automorphism groups. More precisely, we consider maximal function fields over the
finite field Fp4 whose automorphism groups have order exceeding the Hurwitz’s bound.
We determine some conditions under which the maximal function field is Galois covered
by the Hermitian function field.
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O¨zet
Bu tezde pozitif karakteristikteki fonksiyon cisimleri teorisine ilis¸kin iki problem ele
alınmıs¸tır.
Birinci bo¨lu¨mde, karakteristig˘i p > 0 olan cebirsel kapalı bir cisim u¨zerinde tanımlı
olan ve cinsi g’nin 2’den bu¨yu¨k oldug˘u fonksiyon cisiminin otomorfizmaları c¸alıs¸ılmıs¸tır.
Otomorfizma grubunun herhangi bir sıfırkuvvetli altgrubu G ic¸in G’nin mertebesinin
p’nin bir kuvveti olmadıg˘ı durumda bu mertebenin 16(g− 1) ile sınırlı oldug˘u ve p’nin
bir kuvveti oldug˘u durumda ise
4p
(p− 1)2 g
2 ile sınırlı oldug˘u go¨sterilmis¸tir. Ayrıca,
bu sınırları sag˘layan fonksiyon cisimleri o¨rnekleri verilmis¸tir; bo¨ylelikle, elde edilen
sınırların gelis¸tirilemeyeceg˘i go¨sterilmis¸tir.
I˙kinci bo¨lu¨mde, sonlu cisimler u¨zerine genis¸ otomorfizma grubu olan maksimal
fonksiyon cisimlerine odaklanılmıs¸tır. Daha ac¸ık olarak, Fp4 sonlu cismi u¨zerinde
tanımlı ve otomorfizma grubunun mertebesi Hurwitz sınırını gec¸en maksimal fonksiyon
cisimleri ele alınmıs¸tır. Bazı kos¸ullar altında Hermitsel fonksiyon cisminin bu maksimal
fonksiyon cisminin Galois genis¸lemesi oldug˘u go¨sterilmis¸tir.
Acknowledgments
First and foremost, I owe my deepest gratitude to Prof. Henning Stichtenoth for his
support, guidance, patience and for sharing his immense knowledge with me. I am also
thankful for his valuable comments, which helped me shape this thesis’ final form.
I would like to extend my sincere gratitude to my thesis supervisor Prof. Cem
Gu¨neri for his guidance and support.
I am profoundly thankful to my co-advisor Dr. Nurdagu¨l Anbar Meidl who helped
me carry my research to the next level with her endless energy, precious support and
guidance.
I am thankful to all my jury members Prof. Kag˘an Kurs¸ungo¨z, Prof. O¨zgu¨r Gu¨rbu¨z,
Prof. Ekin O¨zman, Prof. Massimo Giulietti, including the former committee member
Prof. Alev Topuzog˘lu.
My genuine appreciation goes to the members of the Department of Mathematics of
Sabancı University for providing a friendly atmosphere and stimulating environment.
I am also thankful to the administrative team of Graduate School of Engineering and
Natural Sciences of Sabancı University for all their help.
I feel more than lucky for having spent nine months of my Ph.D. study in Perugia.
I am grateful to the members of the research group ”Galois geometries and their ap-
plications” for their hospitality. I also thank Massimo Giulietti, Gabor Korchma´ros,
Daniele Bartoli and Maria Montanucci for encouraging and enlightening discussions.
A special thanks to Prof. Massimo Giulietti for facilitating every means before and
during my stay; I am humbled by his generosity.
I was supported by The Scientific and Technological Research Council of Turkey
(TU¨BI˙TAK) during my stay in Italy under the program 2214-A – International Doc-
toral Research Fellowship Program; thereby, I would like to thank TU¨BI˙TAK for their
support.
Last but not least, I am deeply grateful to my parents, whose love and support are
with me in whatever I pursue. I would like to thank my sister, my best friend Burcu,
for always encouraging me to do better. A heart-felt thank you to my dearest friends
Canan, Derya, Dilek, Elif, Hazal, O¨zge, Tu¨rku¨ for their continuous support, care and
patience they showed me throughout this emotional roller coaster of a Ph.D. journey.
vii
Contents
Abstract v
O¨zet vi
Acknowledgment vii
Introduction 1
1 Preliminaries 4
1.1 Basic Concepts of Function Fields . . . . . . . . . . . . . . . . . . . . . 4
1.2 Extensions of Function Fields . . . . . . . . . . . . . . . . . . . . . . . 9
1.2.1 Galois Extensions of Function Fields . . . . . . . . . . . . . . . 11
1.3 Group and Field Theory . . . . . . . . . . . . . . . . . . . . . . . . . . 16
1.3.1 Nilpotent Groups . . . . . . . . . . . . . . . . . . . . . . . . . . 16
1.3.2 Galois Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
2 Automorphisms of Function Fields 19
2.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
2.1.1 Examples of Automorphism Groups of Function Fields . . . . . 20
2.1.2 Preliminary Results . . . . . . . . . . . . . . . . . . . . . . . . . 25
2.2 Nilpotent Subgroups of Automorphisms of Function Fields . . . . . . . 26
2.2.1 Case I: r = 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
2.2.2 Case II. r = 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
2.2.3 Case III. r = 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
2.2.4 Case IV. r = 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
2.2.5 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
3 Maximal Function Fields 49
3.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
3.1.1 Examples of Maximal Function Fields . . . . . . . . . . . . . . . 50
viii
3.1.2 Preliminary Results . . . . . . . . . . . . . . . . . . . . . . . . . 52
3.2 Maximal function fields over Fp4 . . . . . . . . . . . . . . . . . . . . . . 54
Bibliography 65
ix
Introduction
Many deep results on the automorphism group of a function field (of one variable) have
been obtained over the course of the last decades due to demand from applications such
as coding theory and cryptography. In particular, there has been a lot of research on the
automorphism groups of function fields in positive characteristic, see [3, 4, 14, 23, 27]
and references therein.
In this thesis, we consider two problems in this topic:
In the first problem, for a given function field, we study the relation between the
size of its automorphism group and its genus. Let F/K be a function field of genus
g, where K is an algebraically closed field. We denote by G, the automorphism group
Aut(F/K) of F over K. If F/K is of genus 0 or 1, then G is an infinite group. However,
for g ≥ 2, it is a well-known fact that G is finite. This result is proved by Hurwitz [20]
for K = C and by Schmid [33] for K of positive characteristic. In his paper, Hurwitz
also showed that |G| ≤ 84(g − 1), which is called Hurwitz’s bound. This bound is
sharp, i.e., there exists a function field of characteristic zero of arbitrarily high genus
whose automorphism group has order 84(g − 1), see [28]. In positive characteristic p,
Roquette [31] showed that the Hurwitz’s bound also holds if p does not divide |G|. We
remark that Hurwitz’s bound does not hold in general. In the positive characteristic,
the best known bound is
|G| ≤ 16g4
with one exception: the Hermitian function field. This result is due to Stichtenoth
[34, 35].
There are better bounds for the order of special subgroups of automorphism groups.
When K = C and G is a nilpotent subgroup, Zomorrodian proved in [38] that
|G| ≤ 16(g − 1).
He also showed that if the equality holds, then g − 1 is a power of 2; and conversely,
if g − 1 is a power of 2, then there is at least one function field of genus g with an
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automorphism group of order 16(g − 1). In the case that G is abelian, Nakajima [29]
showed that |G| ≤ 4(g + 1).
In the first part of this thesis, we give a similar bound for the order of the nilpotent
subgroups of the automorphism group of a function field in positive characteristic.
More precisely, our main result is as follows:
Theorem. Let K be an algebraically closed field of characteristic p > 0 and F/K be
a function field of genus g ≥ 2. Suppose that G is a nilpotent subgroup of Aut(F/K).
Then the following holds.
(a) If G is not a p-group, then we have
|G| ≤ 16(g − 1).
Moreover, if |G| = 16(g − 1), then g − 1 is a power of 2.
(b) If G is a p-group, then we have |G| ≤ 4p
(p− 1)2 g
2.
We remark that Montanucci and Korchma´ros proved independently that if G is a
d-subgroup of Aut(F/K), where d 6= p, then |G| ≤ 9(g−1). They also showed that the
equality can only be obtained for d = 3, see [22]. Our result agrees with their result
and gives a linear bound in a more general setup, see Theorem 2.2.5 (Case (a)) and
Theorem 2.2.6 (Case (b)-(iv)).
The second problem in the study of function fields over finite fields is the classifi-
cation of maximal function fields.
The most well-known example of a maximal function field over the finite field Fq,
q = `2 for some prime power `, is the Hermitian function field. It has genus `(`− 1)/2,
which is the largest possible genus among all maximal function fields defined over
the same finite field, see [21]. Moreover, Ru¨ck and Stichtenoth [32] showed that the
Hermitian function field is the only Fq-maximal function field of genus `(` − 1)/2, up
to isomorphism.
It is a nontrivial task to show that a function field is maximal. On the other
hand, any function field covered by a maximal function field is also maximal, see [25,
Propositon 6]. This result is attributed to Serre, and it is one of the main tools to
obtain new genera for maximal function fields by considering the fixed fields of the
subgroups of its automorphism group.
For a long time, all known maximal function fields were Galois covered by the
Hermitian function field. However, Giulietti and Korchma´ros gave an example of a
maximal function field F for q = `6, where ` > 2 is a prime power, such that the
Hermitian function field is not a Galois extension of F , see [12]. They also determined
the automorphism group of F , whose order exceeds Hurwitz’s bound 84(g − 1).
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Until recently, Giulietti and Korchma´ros function field and some of its subfields
were the only known examples of maximal function fields over F`6 that are not Galois
covered by the Hermitian function field. In [4], Beelen and Montanucci constructed a
new family of maximal function fields Cn over F`2n for odd n ≥ 5 and determined the
full automorphism group and its order, which is `(`2 − 1)(`n + 1). They also showed
that for ` ≥ 3, the Hermitian function field is not a Galois extension of Cn.
It is natural to ask whether there exist other function fields that are not Galois
covered, also when q = p2 and q = p4, where p is the characteristic of the constant
field. The first open case q = p2 is addressed in [2]. The authors proved that a Fp2-
maximal function field F of genus at least 2, whose automorphism group has order
exceeding the Hurwitz’s bound, is Galois covered by the Hermitian function field.
In the second part of this thesis, we study the case q = p4, i.e., maximal func-
tion fields over finite fields Fp4 . This is a joint work with Daniele Bartoli and Maria
Montanucci.
Our main result is as follows:
Theorem. Let F/Fp4 be a maximal function field of genus g ≥ 2. Suppose that G is a
subgroup of the Fp4-automorphism group such that |G| > 84(g − 1). Then we have the
following results:
(a) G cannot admit exactly two short orbits, which are both wild.
(b) If G has only one short orbit, which is wild, then F is Galois covered by the Her-
mitian function field.
(c) G cannot admit exactly three short orbits, exactly two of which are tame.
The present thesis is organized as follows: In the first chapter, we introduce some
basic definitions and fundamental facts about function fields and related topics which
will be used in the following chapters. In the second chapter, we investigate the relation
between the order of nilpotent automorphisms of function fields and its genus. More-
over, we present examples which show that the bounds are sharp. In the last chapter,
we study maximal function fields with large automorphism groups. More precisely,
we determine some of the conditions under which the maximal function field is Galois
covered by the Hermitian function field.
3
1Preliminaries
In this chapter we will introduce some preliminaries on algebraic function fields includ-
ing extensions of algebraic function fields, Hilbert’s ramification theory that will be
used in the later sections. For the proofs and further details, we refer to [36].
1.1 Basic Concepts of Function Fields
Definition 1.1.1. Let K be a field. An algebraic function field over K is a field
extension of K such that there exists an element x ∈ F with x is transcendental over
K and [F : K(x)] is finite. The full constant field of F is the subfield defined by
K˜ = {α ∈ F : α is algebraic over K}.
K˜ is algebraically closed in F and F is also a function field over K˜.
Throughout F/K will denote a function field such that K is the full constant field.
Definition 1.1.2. We say that a subring O ⊆ F is a valuation ring of F/K if the
following properties hold.
(i) K ( O ( F .
(ii) For every z ∈ F , we have z ∈ O or z−1 ∈ O.
A valuation ring O of F/K is a local ring with its unique maximal ideal P = O\O×,
where O× = {z ∈ O : There is an element w ∈ O with zw = 1}. The unique
maximal ideal P is a principal ideal of O and if P = tO, then each 0 6= z ∈ F has a
unique representation of the form z = tmu for some m ∈ Z and u ∈ O×. Also, O is a
principal ideal domain. More precisely, if P = tO and {0} 6= I ⊆ O is an ideal, then
I = tnO for some n ∈ N.
Such a ring with these properties is called a discrete valuation ring (DVR).
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Definition 1.1.3. The unique maximal ideal P of some valuation ring O of F/K is
called a place of F and any generator of P is called a prime element for P . We denote
the set of all places of F by PF .
Given a place P , the valuation ring O corresponding to P is uniquely determined
by P , namely O = {z ∈ F : z−1 6∈ P}. Therefore, we write OP := O.
Definition 1.1.4. Let P ∈ PF and t be a prime element for P . For z ∈ F×, write
z = tmu with m ∈ Z, u ∈ O×P . We associate P with a map
υP : F → Z ∪ {∞}
defined as follows: υP (z) = m and υP (0) =∞. υP is called the discrete valuation of F
associated with P .
This definition does not depend on the choice of the prime element t. Moreover,
υP has the following properties:
(i) υP (xy) = υP (x) + υP (y) for all x, y ∈ F .
(ii) υP (x+ y) ≥ min{υP (x), υP (y)} for all x, y ∈ F .
(iii) If υP (x) 6= υP (y), then υP (x+ y) = min{υP (x), υP (y)}.
(iv) υP (a) = 0 for all a ∈ K×.
Theorem 1.1.5. [36, Theorem 1.1.13] Let F/K be a function field.
(a) If P ∈ PF and υP is the discrete valuation of F associated with P , we have
OP = {z ∈ F : υP (z) ≥ 0},
O×P = {z ∈ F : υP (z) = 0},
P = {z ∈ F : υP (z) > 0}.
(b) An element x ∈ F is prime for P if and only if υP (x) = 1.
Definition 1.1.6. The residue class field of F at a place P is the field FP := OP/P .
Since K ⊆ OP and K ∩ P = {0}, K can be embedded in FP ; therefore, the following
definition makes sense. The degree of P is defined as the degree of the field extension
FP over K, i.e., degP = [FP : K]. A place of degree one is called a rational place.
Note that if K is algebraically closed, then all places of F are rational. If P ∈ PF and
0 6= x ∈ P , we have
degP ≤ [F : K(x)] <∞.
In particular, the degree of a place is always finite.
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Definition 1.1.7. Let z ∈ F and P ∈ PF . If υP (z) = m > 0, we say that P is a zero
of z of order m; if υP (z) = −m < 0, we say that P is a pole of z of order m.
Remark 1.1.8. Let z ∈ F be transcendental over K. Then z has at least one zero
and one pole. In particular, PF 6= ∅. In fact, every function field has infinitely many
places. On the other hand, a nonzero element has only finitely many zeros and poles.
Example 1.1.9. An important example of an algebraic function field is the rational
function field, that is, F = K(x) for some x ∈ F which is transcendental over K. For
an irreducible monic polynomial p(x) ∈ K[x], we have a valuation ring
Op(x) :=
{
f(x)
g(x)
: f, g ∈ K[x], p(x) - g(x)
}
.
Then
O×p(x) =
{
f(x)
g(x)
: f, g ∈ K[x], p(x) - f(x), p(x) - g(x)
}
.
Hence, the place associated to Op(x) is
Pp(x) := Op(x) \ O×p(x) =
{
f(x)
g(x)
: f, g ∈ K[x], p(x)|f(x), p(x) - g(x)
}
. (1.1)
We denote by (x = a), the place Px−a. It is the zero of x− a.
Another valuation ring of K(x) is given by
O∞ :=
{
f(x)
g(x)
: f, g ∈ K[x], deg f(x) ≤ deg g(x)
}
,
whose associated place is
P∞ :=
{
f(x)
g(x)
: f, g ∈ K[x], deg f(x) < deg g(x)
}
. (1.2)
We denote the place P∞ by (x = ∞). It is called the infinite place of K(x) and it is
the only pole of x.
Remark 1.1.10. The places Pp(x) and P∞, defined by (1.1) and (1.2), give rise to all
the places of K(x)/K.
Definition 1.1.11. A divisor D of F is an element of the free abelian group Div(F )
(written additively) generated by the places of F/K, i.e., a divisor is a formal sum
D =
∑
P∈PF
nPP with nP ∈ Z, nP = 0 for all but finitely many P ∈ PF .
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The support of D is defined as
suppD := {P ∈ PF : nP 6= 0}.
The addition in Div(F ) is coefficientwise, i.e., if D =
∑
P∈PF
nPP and D
′ =
∑
P∈PF
mPP
are two divisors of F then
D +D′ =
∑
P∈PF
(nP +mP )P.
The zero element of the divisor group Div(F ) is the divisor
0 :=
∑
P∈PF
rPP, with all rP = 0.
For Q ∈ PF and D =
∑
nPP ∈ Div(F ) we define υQ(D) := nQ, therefore
suppD = {P ∈ PF : υP (D) 6= 0} and D =
∑
P∈suppD
υP (D)P.
A partial ordering on Div(F) is defined by
D1 ≤ D2 :⇔ υP (D1) ≤ υP (D2) for all P ∈ PF .
If D1 ≤ D2 and D1 6= D2, we will also write D1 < D2. A divisor D ≥ 0 is called
positive (or effective). The degree of a divisor is defined as
degD :=
∑
P∈PF
υP (D) · degP,
and this yields a homomorphism deg : Div(F )→ Z.
Definition 1.1.12. Let 0 6= z ∈ F . Let Z and N denote the set of its zeros and poles,
respectively. Then we define
(z)0 :=
∑
P∈Z
υP (z)P,
(z)∞ :=
∑
P∈N
(−υP (z))P,
(z) := (z)0 − (z)∞;
which are called the zero divisor, the pole divisor and the principal divisor of z, respec-
tively.
The number of zeros of z is equal to the number of poles of z, both counted with
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multiplicity; in particular, deg(z)0 = deg(z)∞ = [F : K(z)] ([36, Theorem 1.4.11]).
Therefore, (z) has degree zero.
The set of principal divisors of F form a subgroup
Princ(F ) := {(z) : z ∈ F×}
of Div(F ). The divisor class group of F is the quotient group
Cl(F ) := Div(F )/Princ(F ).
The corresponding equivalence relation on Div(F ) is given by
D1 ∼ D2 ⇔ [D1] = [D2] ∈ Cl(F ).
Definition 1.1.13. For a divisor A ∈ Div(F ), the Riemann-Roch space associated to
A (or L -space of A) is the following vector space over K:
L (A) := {z ∈ F : (z) ≥ −A} ∪ {0}.
The dimension of L (A) over K is denoted by `(A).
Note that an element x ∈ F is in the Riemann-Roch space associated to a divisor
A if and only if υP (x) ≥ −υP (A) for all P ∈ PF .
Below we collect some useful properties of Riemann-Roch spaces (see [36, Sec-
tion 1.4]):
Proposition 1.1.14. Let A,B ∈ Div(F ). Then the following holds.
(a) L (A) 6= {0} if and only if there is a positive divisor B ∼ A.
(b) If A ∼ B, then L (A) ∼= L (B).
(c) If degA < 0, then L (A) = {0}.
(d) If A ≤ B, then L (A) ⊆ L (B) and dim(L (B)/L (A)) ≤ deg(B)− deg(A).
Note that, for a positive divisorA, we have `(A) ≤ degA+1 by Proposition 1.1.14 (d).
Thus, for each divisor A ∈ Div(F ), the Riemann-Roch space associated to A is a finite
dimensional vector space over K.
Theorem 1.1.15 (Riemann-Roch Theorem). Given a function field F/K, there exist
an integer g and a divisor W ∈ Div(F ) such that for all divisors A ∈ Div(F ) we have
`(A) = degA+ 1− g + `(W − A).
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Moreover, g and W are uniquely determined by F in the following sense: If g0 and
W0 ∈ Div(F ) are such that for all divisors A ∈ Div(F ),
`(A) = degA+ 1− g0 + `(W0 − A)
then g = g0 and W ∼ W0.
Hence, the following definition makes sense.
Definition 1.1.16. The integer g in Theorem 1.1.15 is called the genus of F/K. The
divisor W in Theorem 1.1.15 is called a canonical divisor of F/K.
Corollary 1.1.17. The genus of a function field F/K is a nonnegative integer.
Remark 1.1.18. The rational function field K(x) has genus zero.
1.2 Extensions of Function Fields
Let F/K and F ′/K ′ be function fields where K,K ′ are the full constant fields. We
say that F ′/K ′ is an algebraic extension of F/K if F ′ ⊇ F and K ′ ⊇ K with F ′/F is
algebraic.
We consider algebraic extensions of functions fields and study the relation between
the places of F and F ′.
Definition 1.2.1. A place P ′ ∈ PF ′ is said to lie over P ∈ PF if P ⊆ P ′. We say that
P ′ is an extension of P or that P lies under P ′, and we write P ′|P .
Suppose that P ∈ PF (resp. P ′ ∈ PF ′) and OP ⊆ F (resp. OP ′ ⊆ F ′) is the
corresponding valuation ring, υP (resp. υP ′) the corresponding discrete valuation. The
following are equivalent:
(i) P ′|P .
(ii) OP ⊆ OP ′ .
(iii) There exists an integer e ≥ 1 such that υP ′(x) = e · υP (x) for all x inF .
Moreover, if P ′|P , then
P = P ′ ∩ F and O = OP ′ ∩ F.
For this reason, P is also called the restriction of P ′ to F .
The integer e(P ′|P ) := e with υP ′(x) = e · υP (x) for all x ∈ F is called the
ramification index of P ′ over P . We say that P ′|P is ramified if e(P ′|P ) > 1, and
P ′|P is unramified if e(P ′|P ) = 1. If the characteristic p of K divides we call P ′|P is
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wildly ramified ; otherwise it is called tamely ramified. Moreover, we call F ′/F a tame
extension if any ramified place is tamely ramified.
For a place P ′ ∈ PF ′ lying over P ∈ PF , the facts that P ′ ⊆ P and OP ⊆ OP ′ imply
that there is an embedding of FP into F
′
P ′ given by x(P ) 7→ x(P ′) for all x ∈ OP . That
is, F ′P ′ is an extension field of FP . The extension degree [F
′
P ′ : FP ] is called the relative
degree of P ′|P and denoted by f(P ′|P ).
The next proposition shows the existence of extensions of places in algebraic exten-
sions of function fields.
Proposition 1.2.2. Let F ′/K ′ be an algebraic extensions of F/K.
(a) For each place P ′ ∈ PF ′ there is a unique place P ∈ PF such that P ′|P .
(b) Given P ∈ PF , there exists at least one, but only finitely many extensions P ′ ∈ PF ′.
Theorem 1.2.3 (Fundamental Equality). Let F ′/K ′ be a finite extension of F/K, let
P be a place of F/K and let P ′1, ..., P
′
m be all the places of F
′/K ′ lying over P . Then
we have the following equality
m∑
i=1
e(P ′i |P )f(P ′i |P ) = [F ′ : F ].
Corollary 1.2.4. Let F ′/K ′ be a finite extension of F/K and P ∈ PF . Then we
have:
(a) |{P ′ ∈ PF ′ : P ′ lies over P}| ≤ [F ′ : F ].
(b) If P ′ ∈ PF lies over P , then e(P ′|P ) ≤ [F ′ : F ] and f(P ′|P ) ≤ [F ′ : F ].
Definition 1.2.5. Let F ′/K ′ be an extension of F/K of degree [F ′ : F ] = n and
P ∈ PF . We say that
(i) P splits completely in F ′/F if there are exactly n distinct places of PF ′ lying
over P .
(ii) P is totally ramified in F ′/F if there exists a place P ′ ∈ PF ′ lying over P with
ramification index e(P ′|P ) = n.
For every divisor of F , we can find a divisor of F ′ as follows:
Definition 1.2.6. (i) Let P ∈ PF , then ConF ′/F (P ) :=
∑
P ′∈PF ′
P ′|P
e(P ′|P )·P ′ ∈ Div(F ′).
(ii) For A =
∑
nP · P ∈ Div(F ), ConF ′/F (A) :=
∑
nP ConF ′/F (P ) ∈ Div(F ′).
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In particular, for a canonical divisor of F/K we can find a divisor in F ′/K ′. This di-
visor may not be a canonical divisor of F ′/K ′ itself. However, ConF ′/F (W )+Diff(F ′/F )
gives rise to a canonical divisor of F ′/K ′, where W is a canonical divisor of F/K and
Diff(F ′/F ) =
∑
P∈PF
∑
P ′∈PF ′
P ′|P
d(P ′|P ) · P ′,
see [36, Theorem 3.4.6]. Here d(P ′|P ) is the different exponent of P ′ over P , whose
definition can be found in [36, Definition 3.4.3].
Corollary 1.2.7 (Hurwitz’s genus formula). Suppose that F/K is a function field with
full constant field K, F ′/K ′ is a function field with full constant field K ′ and F ′/F is
finite separable. Let g := g(F ) and g′ := g(F ′). Then
2g′ − 2 = [F
′ : F ]
[K ′ : K]
(2g − 2) + deg(Diff(F ′/F )).
Therefore, we need methods to compute Diff(F ′/F ) to calculate g(F ′).
Lemma 1.2.8 (Transitivity of the Different). If F ′′ ⊇ F ′ ⊇ F are finite separable
extensions, then the following hold:
(a) Diff(F ′′/F ) = ConF ′′/F ′(Diff(F ′/F )) + Diff(F ′′/F ′)
(b) d(P ′′|P ) = e(P ′′|P ′) · d(P ′|P ) + d(P ′′|P ′), if P ′′ (resp. P ′, P ) are places of F ′′
(resp. F ′, F ) with P ′′ ⊇ P ′ ⊇ P .
Consider a finite separable extension F ′/F where F/K and F ′/K ′ are algebraic
function fields with constant fields K and K ′, respectively.
The following theorem states the relationship between e(P ′|P ) and d(P ′|P ).
Theorem 1.2.9 (Dedekind’s Different Theorem). We have for all P ′|P
(a) d(P ′|P ) ≥ e(P ′|P )− 1.
(b) d(P ′|P ) = e(P ′|P )− 1 if and only if charK does not divide e(P ′|P ).
1.2.1 Galois Extensions of Function Fields
Given a field extension M/L,
Aut(M/L) := {σ : M →M | σ is an isomorphism of M and σL = idL}.
We say that M/L is Galois if and only if [M : L] <∞ and |Aut(M/L)| = [M : L] and
denote the automorphism group Aut(M/L) by Gal(M/L).
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From now on, we assume that K is a perfect field. We say that F ′/K ′ is a Galois
extension of F/K if F ′/K ′ is an algebraic extension of F/K and F ′/F is Galois.
Suppose that we have two function fields F ′/K ′ and F/K with F ′/K ′ is an algebraic
extension of F/K. Fix a place P ∈ PF . Let Q ∈ PF ′ with Q|P . Consider the image of
Q under an automorphism σ of F ′/F , i.e., consider
σ(Q) := {σ(x) : x ∈ Q}.
Clearly, σ(Q) is the unique maximal ideal of the valuation ring σ(OQ), therefore σ(Q)
is a place of F ′ with υσ(Q)(y) = υQ(σ−1(y)) for all y ∈ F ′. Moreover, σ(Q) lies over P ,
e(σ(Q)|P ) = e(Q|P ) and f(σ(Q)|P ) = f(Q|P ).
If additionally F ′/F is a Galois extension of function fields, set G := Gal(F ′/F ).
Then G acts on the set of all places lying over P . Moreover, this action is transitive.
In other words, if Q1, Q2 ∈ PF ′ with Q1|P and Q2|P , then there exists a σ ∈ G such
that Q2 = σ(Q1), see [36, Theorem 3.7.1].
Corollary 1.2.10. Suppose that F ′/F is a Galois extension of function fields. Let
Q1, . . . , Qm be all extensions of a place P ∈ PF to F ′. Then we have:
(a) e(Qi|P ) = e(Qj|P ) and f(Qi|P ) = f(Qj|P ) for all i, j ∈ {1, . . . ,m}. Therefore,
we can define e(P ) := e(Qi|P ) and f(P ) = f(Qi|P ).
(b) e(P )f(P )m = [F ′ : F ].
(c) d(Qi|P ) = d(Qj|P ) for all i, j ∈ {1, . . . ,m}. We define d(P ) := d(Qi|P ).
In the case of K is algebraically closed, we mainly use the Orbit-Stabilizer Theorem
to decide the type of the ramification. Let F, F ′ be function fields over K, where K is
algebraically closed and let F ′/F be a Galois extension with G = Aut(F ′/F ). For a
place Q ∈ PF ′ , we define
G(Q) := {σ(Q) : σ ∈ G},
GQ := {σ ∈ G : σ(Q) = Q}.
G(Q) is called orbit of Q and GQ is called stabilizer of Q in Aut(F
′/F ). The orbit is
said to be short if |GQ| > 1. Otherwise, it is called long. A short orbit G(Q) is called
tame (resp. wild) if p - |GQ| (resp. p | |GQ|).
Lemma 1.2.11. [19, Lemma 11.41] Let G be a finite subgroup of Aut(F/K). Then
two places of F lie over the same place of FG if and only if they are in the same orbit
under the action of G. That is, there is a one-to-one correspondence between places of
FG and G-orbits of places of F .
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Theorem 1.2.12. [19, Theorem 11.42] Let Q be a place of F lying over a place P of
FG. If n = |G| and m = |GQ|, then the number of distinct places lying over P is n/m
and the ramification index of each of them is e(P ) = m.
Remark 1.2.13. If the orbit of Q is long, then Q is unramified in F/FG. If G has no
short orbits, the extension F/FG is unramified. In particular, G has a finite number
of short orbits.
We finish this section with two special types of Galois extensions, namely Kummer
and Artin-Schreier extensions.
Proposition 1.2.14. [36, Proposition 3.7.3] Let F/K be an algebraic function field
where K contains a primitive n-th root of unity (with n > 1 and n relatively prime to
the characteristic of K). Suppose that u ∈ F is an element satisfying
u 6= wd for all w ∈ F and d|n, d > 1 .
Let F ′ = F (y) with yn = u. Such an extension F ′/F is said to be a Kummer extension
of F . We have:
(a) The polynomial φ(T ) = T n−u is the minimal polynomial of y over F (in particular,
it is irreducible over F ).
The extension F ′/F is Galois of degree [F ′ : F ] = n; its Galois group is cyclic, and
the automorphisms of F ′/F are given by σ(y) = ζy, where ζ ∈ K is an n-th root
of unity.
(b) Let P ∈ PF and P ′ ∈ PF ′ be an extension of P . Then
e(P ′|P ) = n
rP
and d(P ′|P ) = n
rP
− 1
where
rP := gcd(n, vP (u)) > 0 (1.3)
is the greatest common divisor of n and vP (u).
(c) If K ′ denotes the constant field of F ′ and g (resp. g′) the genus of F/K (resp.
F ′/K ′), then
g′ = 1 +
n
[K ′ : K]
(
g − 1 + 1
2
∑
P∈PF
(
1− rP
n
)
degP
)
,
where rP is defined by Equation (1.3).
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Proposition 1.2.15. [36, Proposition 3.7.8] Let F/K be an algebraic function field of
characteristic p > 0. Suppose that u ∈ F is an element which satisfies the following
condition:
u 6= wp − w for all w ∈ F. (1.4)
Let F ′ = F (y) with yp − y = u . Such an extension F ′/F is called an Artin-Schreier
extension of F . For P ∈ PF we define the integer mP by
mP :=
{
m, if there is z ∈ F satisfying vP (u− (zp − z)) = −m < 0 and p - m,
−1, if vP (u− (zp − z)) ≥ 0 for some z ∈ F
(Observe that mP is well-defined by [36, Lemma 3.7.7.]). We then have:
(a) F ′/F is a cyclic Galois extension of degree p. The automorphisms of F ′/F are
given by σ(y) = y + ν, with ν = 0, 1, ..., p− 1.
(b) P is unramified in F ′/F if and only if mP = −1.
(c) P is totally ramified in F ′/F if and only if mP > 0. Denote by P ′ the unique place
of F ′ lying over P . Then the different exponent d(P ′|P ) is given by
d(P ′|P ) = (p− 1)(mP + 1).
(d) If at least one place Q ∈ PF satisfies mQ > 0, then K is algebraically closed in F ′
and
g′ = p · g + p− 1
2
(
− 2 +
∑
P∈PF
(mP + 1) · degP
)
,
where g′ (resp. g) is the genus of F ′/K (resp. F/K).
Definition 1.2.16. Let F ′/F be a Galois extension of function fields. Suppose that
P1, . . . , Pr are all the places of PF , which are ramified in F , with ramification indices
e1, . . . , er and different exponents d1, . . . , dr, respectively. We can without loss of gen-
erality assume that e1 ≤ . . . ≤ er. In this case, we say that F is of type (e1, e2, . . . , er).
We will later analyze the types that function fields with nilpotent automorphism
groups can have.
Remark 1.2.17. Let F ′/F be a Galois extension of function fields andG = Gal(F ′/F ).
Suppose that P1, . . . , Pr are all the places of PF , which are ramified in F , with ram-
ification indices e1, . . . , er and different exponents d1, . . . , dr, respectively. Then by
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Corollary 1.2.10, the different divisor Diff(F ′/F ) of F ′/F is given by
Diff(F ′/F ) =
r∑
i=1
∑
Q∈PF ′
Q|Pi
diQ =
r∑
i=1
di
∑
Q∈PF ′
Q|Pi
Q
=
r∑
i=1
di
ei
∑
Q∈PF ′
Q|Pi
eiQ =
r∑
i=1
di
ei
ConF ′/F (Pi).
Hence, by the Fundamental Equality (see Theorem 1.2.3), we have
deg (Diff(F ′/F )) = |G| ·
(
r∑
i=1
di
ei
degPi
)
. (1.5)
Then Hurwitz’s genus formula and Equation (1.5) yield the following formula.
2g(F ′)− 2 = |G|(2g(F )− 2) + deg (Diff(F ′/F ))
= |G|
(
2g(F )− 2 +
r∑
i=1
di
ei
degPi
)
(1.6)
The Equation (1.6) will be often used to estimate the order of the Galois group G.
Another tool that is often used in the study of automorphisms of function fields is
the higher ramification groups.
Definition 1.2.18. Let F ′/F be a Galois extension of algebraic function fields with
Galois group G = Gal(F ′/F ). Consider a place P ∈ PF and an extension Q of P in
PF ′. For every i ≥ −1 we define the i-th ramification group of Q|P by
G(i)(Q|P ) := {σ ∈ G : υQ(σ(z)− z) ≥ i+ 1 for all z ∈ OQ}.
Clearly, G(i)(Q|P ) is a subgroup of G. For abbreviation we write G(i)Q := G(i)(Q|P ).
Proposition 1.2.19. With the above notations we have:
(a) |G(0)Q | = e(Q|P ).
(b) G
(−1)
Q ⊇ G(0)Q ⊇ · · · ⊇ G(i)Q ⊇ G(i+1)Q ⊇ · · · and G(m)Q = {id} for m sufficiently large.
(c) Let σ ∈ G(0)Q , i ≥ 0 and let t be a Q-prime element, i.e., υQ(t) = 1. Then
σ ∈ G(i)Q ⇔ υQ(σ(t)− t) ≥ i+ 1.
(d) If charF = 0, then G
(i)
Q = {id} for all i ≥ 1, and G(0)Q is cyclic.
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(e) If charF = p > 0, then G
(1)
Q is a normal subgroup of G
(0)
Q . The order of G
(1)
Q is a
power of p, and the factor group G
(0)
Q /G
(1)
Q is cyclic of order relatively prime to p.
(f) If charF = p > 0, then G
(i+1)
Q is a normal subgroup of G
(i)
Q (for all i ≥ 1), and
G
(i)
Q /G
(i+1)
Q is isomorphic to an additive subgroup of the residue class field F
′
Q.
Hence G
(i)
Q /G
(i+1)
Q is an elementary abelian p-group of exponent p.
Theorem 1.2.20 (Hilbert’s Different Formula). Consider a Galois extension F ′/F of
algebraic function fields, a place P ∈ PF and a place P ′ ∈ PF ′ lying over P . Then the
different exponent d(P ′|P ) is
d(P ′|P ) =
∞∑
i=0
(|G(i)(P ′|P )| − 1).
We remark that since G(i)(P ′|P ) = {id} for large i, the above sum is finite.
Remark 1.2.21. Note that if P ′ ∈ PF ′ is wild with ramification index e(P ′|P ) = paE
for some integer a ≥ 1, E ≥ 1 with (p, E) = 1, then by Hilbert’s Different Formula, we
have
d(P ′|P ) ≥ e(P ′|P )− 1 + (pa − 1).
In particular, if e(P ′|P ) = pa for some integer a ≥ 1, we have d(P ′|P ) ≥ 2(pa − 1).
1.3 Group and Field Theory
1.3.1 Nilpotent Groups
Let G be a group (finite or infinite). We define the following subgroups of G inductively.
(i) Z0(G) = {id}, Z1(G) = Z(G),
(ii) For i ≥ 1, Zi+1(G) is the subgroup of G containing Zi(G) such that
Zi+1(G)/Zi(G) = Z(G/Zi(G))
(i.e., Zi+1(G) is the preimage in G of the center of G/Zi(G) under the canonical
projection G→ G/Zi(G)). Therefore, we obtain a chain of subgroups
1 = Z0(G) < Z1(G) < Z2(G) < . . . ,
which is called the upper central series of G.
Definition 1.3.1. A group G is called nilpotent if Zn(G) = G for some n ∈ Z and the
smallest such n is called the nilpotency class of G.
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Some examples of nilpotent groups are as follows: abelian groups, finite p-groups. Note
also that every subgroup and every quotient of a nilpotent group are nilpotent.
The following theorem is a well-known characterization of finite nilpotent groups.
Theorem 1.3.2. [5, Theorem 3, Section 6.1] Let G be a finite group, let p1, p2, . . . , ps
be different primes dividing its order, let Pi be a Sylow pi-subgroup of G for 1 ≤ i ≤ s.
Then the following are equivalent:
(1) G is nilpotent.
(2) If H < G, then H < NG(H), i.e., every proper subgroup of G is a proper subgroup
of its normalizer in G.
(3) Pi E G for 1 ≤ i ≤ s, i.e., every Sylow subgroup is normal in G.
(4) G ' P1 × P2 × . . .× Ps.
The following lemma will be one of our main tools to give an upper bound for the
order of a nilpotent subgroup of the automorphism group of a function filed.
Lemma 1.3.3. If G is a finite nilpotent group, then G has a normal subgroup of each
order dividing |G|.
Proof. Since G is the direct product of its Sylow p-subgroups, it is enough to show that
the statements is true for a p-group. Let G be a group of order pn. We will proceed by
induction on n. If n = 1 there is nothing to prove. Thus, let n > 1. We first show that
the center Z(G) of G is not trivial. Since G acts on itself by conjugation, the sum of
the orders of its conjugacy classes gives the order of G. That is, we have the following
equality.
|G| = |Z(G)|+
k∑
i=1
|G : CG(gi)|
where g1, . . . , gk are representatives of distinct conjugacy classes of G not contained in
Z(G). Since CG(gi) 6= G for i = 1, . . . , k, p divides |G : CG(gi)|. Then |Z(G)| is also
divisible by p. Hence, Z(G) is not trivial. Then let x ∈ Z(G) be an element of order
p and N be the subgroup of G generated by x. Since N ≤ Z(G), N is normal in G.
Therefore, G/N is a group of order pn−1. Hence, G/N has a normal subgroup of order
pb for every b = 1, . . . , n− 1. Then the preimages of these normal subgroups give arise
to normal subgroups of G. of order pi for i = 1, . . . , n.
Now, if p, q are distinct primes dividing |G|, an element of order p and an element
of order q commute. Therefore, for every divisor m of |G|, G has a normal subgroup
of order m.
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1.3.2 Galois Theory
Consider a Galois extension L/K with Galois group G = Gal(L/K). Let
U := {H ⊆ G : H is a subgroup of G}
and
F := {E ⊆ L : E is an intermediate field of L/K}.
For a subgroup H of G we define the fixed field of H by
LH := {c ∈ L : σ(c) = c for all σ ∈ H}.
Thus we have a mapping
φ : U −→ F
H 7−→ LH .
Conversely, for an intermediate field E of L/K the extension L/E is Galois; thus, we
have the mapping
ψ : F −→ U
E 7−→ Gal(L/E).
The main results of Galois theory is collected below.
Theorem 1.3.4 (Fundamental theorem of Galois Theory). Let L/K be a Galois ex-
tension with Galois group G = Gal(L/K).
(1) The maps φ and ψ are inverse to each other. Therefore, there is a one-to-one
correspondence between U and F (Galois correspondence).
(2) For U ∈ U , we have [L : LU ] = |U | and [LU : K] = [G : U ].
(3) For U ∈ U , we have U = Gal(L/LU).
(4) For E ∈ F , we have E = LU with U = Gal(L/E).
(5) Suppose that E1, E2 are intermediate fields of L/K corresponding to the subgroups
H1, H2 of G, respectively. Then E1 ⊆ E2 if and only if H2 ⊆ H1.
(6) A subgroup U ≤ G is normal in G if and only if the extension LU/K is Galois. If
this is the case,
Gal(LU/K) ∼= G/U.
18
2Automorphisms of Function Fields
2.1 Background
Throughout this chapter K is an algebraically closed field of characteristic p > 0 and
F/K is an algebraic function field of one variable with constant field K.
Firstly, we recall the action of K-automorphisms on the set of places of F .
Let σ ∈ Aut(F/K) and P ∈ PF . The image σ(P ) of P is also a place of F . The action
of K-automorphisms on PF is given by
σ · P := σ(P ).
This action extends naturally to Div(F ) as follows: Let D ∈ Div(F ) with D = ∑nPP .
Then
σ ·D :=
∑
nPσ(P ).
In particular, σ acts on the set of positive divisors. Moreover, for any nonzero element
z ∈ F , we have
υσ(P )(z) = υP (σ
−1(z)). (2.1)
As a consequence, we obtain σ · (z) = (σ−1(z)), where (z) is the principal divisor of z.
More precisely,
σ · (z)0 = (σ−1(z))0 and σ · (z)∞ = (σ−1(z))∞. (2.2)
Therefore, if A,B ∈ Div(F ) with A ∼ B, then σ(A) ∼ σ(B).
Lemma 2.1.1. Let σ ∈ Aut(F/K). If σ · (z) = (z) for every nonzero element z of F ,
then σ is the identity automorphism of F .
Proof. It is enough to show that σ(z) = z for any z ∈ F \K. By our assumption, we
have
(σ · (z)) = (z)
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since σ−1 · (z) = (z). Therefore,
(
σ(z)
z
)
= 0, i.e., σ(z) = cz for some nonzero c ∈ K.
Replacing z by z + 1, there exists a nonzero element c′ ∈ K such that
c′(z + 1) = σ(z + 1) = σ(z) + σ(1) = cz + 1.
Thus, (c − c′)z = c′ − 1. Since z ∈ F \ K, this is possible only if c = c′ = 1. Hence
σ(z) = z.
Corollary 2.1.2. If σ ∈ Aut(F/K) and σ fixes every place of F , then σ is the identity
automorphism of F .
Lemma 2.1.3. The only automorphism of F/K fixing more than 2g + 2 places is the
identity.
Proof. Let σ ∈ Aut(F/K). Assume that Q,Q1, . . . , Q2g+2 are all distinct places of
F that are fixed by σ. By the Riemann-Roch Theorem, there are x, z ∈ F such
that (x)∞ = 2gQ and (z)∞ = (2g + 1)Q. Since the degrees [F : K(x)] = 2g and
[F : K(z)] = 2g + 1 are relatively prime, we get K(x, z) = F . Note that x− σ(x) and
z − σ(z) have at least 2g + 2 zeros (namely, Q1, . . . , Q2g+2), but their pole divisor has
degree at most 2g + 1 because Q is their only pole. We conclude that σ(x) = x and
σ(z) = z, then σ is the identity.
2.1.1 Examples of Automorphism Groups of Function Fields
Example 2.1.4. Let F = K(x) be the rational function field. The K-automorphism
group of F has the following properties.
(a) Let σ ∈ Aut(K(x)/K) and f(x) ∈ K[x]. Write f(x) = anxn+ . . .+a1x+a0. Then
σ(f(x)) = σ(anx
n + . . .+ a1x+ a0) = σ(an)σ(x
n) + . . .+ σ(a1)σ(x) + σ(a0)
= anσ(x)
n + . . .+ a1σ(x) + a0 = f(σ(x)).
Also, if
f(x)
g(x)
∈ K(x), then σ
(
f(x)
g(x)
)
=
f(σ(x))
g(σ(x))
. Therefore, σ(K(x)) = K(σ(x)).
Now, let z = σ(x) ∈ K(x) \K. Since K(x) = K(z), we have σ(x) = z = ax+ b
cx+ d
for some a, b, c, d ∈ K with ad− bc 6= 0.
Conversely, given a, b, c, d ∈ K with ad − bc 6= 0, there is a unique automorphism
σ ∈ Aut(K(x)/K) with σ(x) = ax+ b
cx+ d
.
For A =
(
a c
b d
)
∈ GL(2, K), denote by σA, the automorphism K(x)/K with
σA =
ax+ b
cx+ d
. The map A 7→ σA is a homomorphism from GL(2, K) onto
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Aut(K(x)/K). Its kernel is the set of diagonal matrices
(
a 0
0 a
)
with a ∈ K×;
hence,
Aut(K(x)/K) ' GL(2, K)/K× = PGL(2, K).
In particular, Aut(K(x)/K) is infinite as K is infinite.
(b) By Lemma 2.1.3, we conclude that the identity of Aut(F/K) is the only K-
automorphism fixing at least three places of F .
(c) Let σ ∈ Aut(K(x)/K). Then there are a, b, c, d ∈ K with ad − bc 6= 0 such that
σ(x) =
ax+ b
cx+ d
. If c 6= 0 or c = 0 but a 6= d, then the equation aT + b = T (cT + d)
has a solution α in K; therefore, the place (x = α) is fixed by σ. If c = 0
and a = d, then P∞, the pole of x, is fixed by σ. Hence, every automorphism
σ ∈ Aut(K(x)/K) fixes a place P ∈ PK(x).
(d) Suppose σ ∈ Aut(K(x)/K) and p - ord(σ). We consider the extensionK(x)/K(x)σ,
which is of degree ord(σ); hence, K(x)/K(x)σ is a tame extension. Therefore, by
applying Hurwitz’s genus formula with respect to K(x)/K(x)σ, we obtain exactly
two tamely ramified places in K(x)σ. Hence, σ fixes exactly two places.
(e) Suppose σ ∈ Aut(K(x)/K) and p| ord(σ). Then by classification of subgroups
(see [19, Theorem A.8]) of PGL(2, K), we conclude that ord(σ) = p. By applying
Hurwitz’s genus formula with respect to K(x)/K(x)σ, we conclude that σ has
exactly one fixed place. In fact, if the fixed place is a pole of x, the map σ is
σ(x) = cx + b for some c, b ∈ K \ {0}. Then the fact ord(σ) = p implies that
cp = 1, i.e., c = 1.
Example 2.1.5. Let E be an elliptic function field. Then the automorphism group of
E/K has the following properties.
(a) We will show that Aut(E/K) is infinite. To this end, we fix a place P0 ∈ PE. Let
Div0(E) = {A ∈ Div(E) : degA = 0}.
Clearly, Princ(E) ≤ Div0(E) ≤ Div(E). The factor Jac(E) := Div0(E)/Princ(E)
is called the Jacobian of E. There is a bijection Φ between PE and Jac(E) given
as follows:
Φ : PE → Jac(E)
P 7→ [P − P0].
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Then we can carry the group structure of Jac(E) to the set PE via Φ as follows:
for P,Q ∈ PE
P ⊕Q := Φ−1(Φ(P ) + Φ(Q)).
(PE,⊕) is an abelian group, and the zero element of the group PE is the place P0.
Moreover,
P ⊕Q = R⇔ P +Q ∼ R + P0.
For P ∈ PE, it follows from Riemann-Roch that `(P +P0) = 2; hence, there exists
an element x ∈ E whose pole divisor is (x)∞ = P+P0. Then [E : K(x)] = deg(x)∞ = 2.
Now, if x1, x2 ∈ L (P +P0) such that (x1)∞ = P +P0 = (x2)∞, then
(
x1
x2
)
∞
= 0.
Therefore,
(
x1
x2
)
0
=
(
x1
x2
)
= 0, i.e., x1 = cx2 for some c ∈ K. Hence, the
following automorphisms are well-defined. Let
σP := the nontrivial automorphism of E/K(x) and
τP := σP ◦ σP0 .
Note that the definition of σP and τP depend on the choice of the place P0. On
the other hand, for P 6= Q, we have σP 6= σQ. Indeed, suppose σP = σQ. Then
there are z1 ∈ L (P + P0) \ K and z2 ∈ L (Q + P0) \ K such that K(z1) =
K(z2). Therefore, z1 =
az2 + b
cz2 + d
for some a, b, c, d ∈ K with ad − bc 6= 0. Thus,
P + P0 = (z1)∞ =
(
az2 + b
cz2 + d
)
∞
. We investigate in three cases:
• Suppose that c = 0. Then (z1)∞ = (a˜z2 + b˜)∞ where a˜ = a
d
, b˜ =
b
d
with a˜ 6= 0.
Since (z2)∞ = (a˜z2 + b˜)∞ = Q+P0, we have P +P0 = Q+P0. Hence, P = Q.
• Suppose that a = 0. Then (z1)∞ =
(
1
c˜z2 + d˜
)
∞
where c˜ =
c
b
, d˜ =
d
b
with
c˜ 6= 0. Since P + P0 = (z1)∞ = (a˜z2 + b˜)∞ = Q + P0, we have P0 is a zero of
(c˜z2 + d˜), a contradiction.
• Suppose that a, c 6= 0. Then (z1)∞ =
(
az2 + b
cz2 + d
)
∞
. Therefore, P0 is a pole of
az2+b
cz2+d
. However, since (z2)∞ = Q+P0, we have vP0(az2+b) = vP0(cz2+d) = −1.
Thus, vP0(az2 + bcz2 + d) = 0, a contradiction.
Hence, we conclude that if σP = σQ, then z1 = az2 + b and P = Q. Therefore,
we also have τP 6= τQ for P 6= Q. Since there are infinitely many places of E, we
conclude that Aut(E/K) is an infinite group.
(b) For all P,Q ∈ PE, we have σP (Q)⊕Q = P and τP (Q) = P ⊕Q. Hence, τP is called
a translation automorphism. Now, the map P → τP gives a group monomorphism
22
from PE into Aut(E/K). Its image T := {τP : P ∈ PE} ⊆ Aut(E/K) is
isomorphic to the divisor classes Jac(E); hence, an infinite abelian subgroup of
Aut(E/K). T is called the translation group of E/K. The translation group T is
independent of the choice of the place P0; T is a normal subgroup of Aut(E/K),
and the factor group Aut(E/K)/T is finite.
Example 2.1.6. Let q be a power of the characteristic p of K. Let H be the Hermitian
function field, that is, H = K(x, y) with
yq + y = xq+1.
We will consider H as an extension of K(x) and calculate the genus of H. For further
details, see [35, Satz 1].
We first show thatH/K(x) is of degree q. Since y satisfies the equation T q + T = xq+1,
clearly, we have [H : K(x)] ≤ q. Conversely, let P∞ be the pole of x in K(x) and
Q∞ ∈ PH with Q∞|P∞. Let υ∞ be the valuation with respect to Q∞. Then
υ∞(xq+1) = υ∞(yq + y) = υ∞(yq) = q · υ∞(y).
On the other hand, υ∞(xq+1) = (q+1)·υ∞(x) = −(q+1)e(Q∞|P∞). Thus, q|[H : K(x)],
which demonstrates [H : K(x)] = q. Moreover, Q∞ is totally ramified.
Next, we will show that H/K(x) is Galois. Note that the irreducible equation for
y over K(x) is
ϕ(T ) = T q + T − xq+1.
Also, if γ ∈ K such that γq + γ = 0, then y + γ is also a root of ϕ(T ) because
ϕ(y + γ) = (y + γ)q + (y + γ)− xq+1 = yq + γq + y + γ − xq+1 = 0.
Since T q + T is separable, ϕ(T ) splits completely into linear factors over H. In other
words, H/K(x) is Galois.
Let G := Gal(H/K(x)). Now, we will show that all places P ∈ PK(x) \ {P∞} are
unramified in H/K(x). Let P ∈ PK(x) \ {P∞}. Notice that the coefficients of the min-
imal polynomial ϕ of y over K[x] lies in OP . Therefore, from [36, Theorem 3.5.10 (a)],
for all Q|P , we obtain 0 ≤ d(Q|P ) ≤ υP (ϕ′(y)) = υP (1) = 0, i.e., e(Q|P ) = 1.
We will now calculate the higher ramification groups G(i)(Q∞|P∞). Clearly, t := x
y
is a prime element for Q∞. Also,
υ∞(σt− t) = υ∞
(
x
σ(y)
− x
y
)
= υ∞(x) + υ∞
(
1
y + γ
− 1
y
)
= −q + 2(q + 1) = q + 2.
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Thus, for σ ∈ G with σ(y) = y + γ and γ 6= 0, σ ∈ G(i)(Q∞|P∞) if and only if
q + 2 ≥ i+ 1. Therefore, the higher ramification groups G(i)(Q∞|P∞) are
G(i)(Q∞|P∞) =
{
G, for 0 ≤ i ≤ q + 1,
{id}, for i ≥ q + 2
and, by Hilbert’s Different Formula, we have
d(Q∞|P∞) = (q + 2)(q − 1).
Then by Hurwitz’s genus formula we get
g := g(H) = q(q − 1)
2
.
The automorphism group of the Hermitian Function Field:
By [15, Proposition 3.8, Theorem 3.10], we know that any automorphism of H is
actually defined over Fq2 . The automorphism group Aut(H/Fq2) is known [34, 35] and
it is described as follows:
For each pair (d, e) ∈ Fq2 × Fq2 with eq + e = dq+1 the map σ : H → H given by
σd,e(x) = x + d and σd,e(y) = y + d
qx + e defines an automorphism in Aut(H/Fq2).
These automorphisms form a subgroup V ⊆ Aut(H/Fq2) of order q3.
Also, for each element c ∈ F×q2 there is an automorphism τ ∈ Aut(H/Fq2) with
τc(x) = cx and τc(y) = c
q+1y. These automorphisms form a cyclic subgroup W ⊆
Aut(H/K), which is of order q2 − 1.
Now, let U ⊆ Aut(H/Fq2) be the group which is generated by V and W . Since
V ∩W = {id}, we obtain |U | = q3(q2 − 1). Moreover, if σd,e ∈ V and τc ∈ W , then
τ−1c σd,eτc(x) = τ
−1
c σd,e(cx) = τ
−1
c (cσd,e(x))
= τ−1c (c(x+ d)) = x+ cd,
τ−1c σd,eτc(y) = τ
−1
c σd,e(c
q+1y) = τ−1c (c
q+1σd,e(y))
= τ−1c (c
q+1(y + dqx+ e)) = y + (cd)qx+ cq+1e,
and (cd)q+1 = cq+1dq+1 = cq
2−1cq+1dq+1 = cq
2+qdq+1 = (cq+1e)q + (cq+1e). Hence, if
σd,e ∈ V and τc ∈ W , then we also obtain τ−1c σd,eτc ∈ V . This shows that V is
normal in U . Also, since σd,e and τc both stabilize Q∞, every ρ ∈ U stabilizes Q∞, i.e.,
ρ(Q∞) = ρ(Q∞).
We remark that for α ∈ Fq2 , the place (x = α) of K(x) splits completely into places
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of degree one in H/Fq2 . Therefore, the number N(H/Fq2) of rational places in H is
N(H/Fq2) = 1 + q2 · q = 1 + q3.
Note that U acts transitively on the set
S := {Q : Q is a rational place of H/Fq2 and Q 6= Q∞}.
In fact every automorphism λ ∈ Aut(H/K) with λ(Q∞) = Q∞ lies in U as the elements
1, x, y form aK-basis ofL ((q+1)Q∞), in particular, λ(L ((q + 1)Q∞)) = L ((q + 1)Q∞).
There is an automorphism µ ∈ Aut(H/Fq2) with µ(x) = x/y and µ(y) = 1/y. This
automorphism maps the place Q∞ to the common zero of x and y. Hence, the group
which is generated by U and µ acts transitively on the set of all rational places of
H/Fq2 . This implies that Aut(H/Fq2) is generated by U and µ. By Orbit-Stabilizer
Theorem,
|Aut(H/K)| = |Aut(H/Fq2)| = q3(q3 + 1)(q2 − 1) > 16g4 > 84(g − 1).
2.1.2 Preliminary Results
Let K be an algebraically closed field and let F/K be a function field of genus
g = g(F ) ≥ 2 with constant field K. For a subgroup G of the automorphism group
Aut(F/K), we denote the fixed field of G by F0 and genus of F0 by g0 . Clearly, F/F0
is Galois with the Galois group Gal(F/F0) = G.
Lemma 2.1.7. If g0 ≥ 1, then |G| ≤ 4(g − 1).
Proof. If g0 ≥ 2, then by Equation (1.6), we have 2g − 2 ≥ 2|G|, i.e., |G| ≤ g − 1.
If g0 = 1, then by Equation (1.6),
2g − 2 = |G|
 ∑
P∈PF0
d(P )
e(P )
 .
Since g ≥ 2, there exists a place P ∈ PF0 , which is ramified in F . Thus,
2g − 2 ≥ |G|
(
e(P )− 1
e(P )
)
.
Hence |G| ≤ 4(g − 1) as e(P ) ≥ 2.
In the following lemma we consider the sequence of extensions F0 ⊂ F1 ⊂ F such
that F/F0 and F1/F0 are Galois extensions with Galois groups G and G1, respectively.
Lemma 2.1.8. If g1 = g(F1) ≥ 2, then |G|
g − 1 ≤
|G1|
g1 − 1 .
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Proof. Note that F/F1 is an extension of degree [G : G1]. Then the desired inequality
comes from Hurwitz’s genus formula as follows:
2g − 2 = [F : F1](2g1 − 2) + deg (Diff(F/F1))
≥ |G||G1|(2g1 − 2).
2.2 Nilpotent Subgroups of Automorphisms of Function Fields
From now on, we assume that G is a nilpotent subgroup of the automorphism group
Aut(F/K). Our aim is to give an upper bound for |G| in terms of g. Let F0 = FG.
Recall that by Lemma 2.1.7, we will always assume g(F0) = 0. Assume that F is of
type (e1, . . . , er), i.e., P1, . . . , Pr are all the places of PF0 , which are ramified in F with
ramification indices e1 ≤ . . . ≤ er, respectively. Set N = |G|.
Lemma 2.2.1. Let ` be a prime number. Then `|N if and only if `|ei for some
i ∈ {1, . . . , r}.
Proof. Suppose first that `|ei for some i ∈ {1, . . . , r}. Since ei|N , we have `|N . Suppose
that ` - ei for any i = 1, . . . , r and `|N . Since G is nilpotent, there is a subgroup H C G
such that [G : H] = `. Let F1 = F
H . Note that F1/F0 is an unramified extension of
degree `, by Corollary 1.2.10-(b). Then by Equation (1.6) we obtain
2g(F1)− 2 = `(−2 + 0) = −2`,
so that g(F1) = −`+ 1 < 0, which is impossible.
Lemma 2.2.2. Suppose that ` is a prime number which divides exactly one of e1, . . . , er.
Then ` = char(K).
Proof. Let H be a subgroup of G such that [G : H] = ` and F1 = F
H . Then there is
only one place of F0, which is ramified in F1/F0, say P1. Suppose that P1 is tamely
ramified; equivalently, ` 6= char(K). Then by Equation (1.6) we have
2g(F1)− 2 = `
(
− 2 + d1
e1
)
= `
(
− 2 + `− 1
`
)
= −`− 1 < 0.
This implies that g(F1) = 0; hence, −` − 1 = 2g(F1) − 2 = −2, which gives a contra-
diction.
The next lemma gives a better lower bound on the different exponent than Re-
mark 1.2.21 when there exists a unique wild ramification.
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Lemma 2.2.3. Let K be an algebraically closed field of characteristic p > 0 and F/K
be a function field of genus g ≥ 2. Suppose that G is a nilpotent subgroup of the
automorphism group Aut(F/K) and F0 := F
G is rational. Suppose also that there
exists a unique wildly ramified place of F0, say P , with ramification index e(P ) = p
an
for some integers a ≥ 1 and n ≥ 1 where (p, n) = 1. Then we have
(i) |G| = paN1 for some integer N1 ≥ 1 with gcd(p,N1) = 1, i.e., G(1)P is the Sylow
p-subgroup of G.
(ii) d(P ) ≥ (e(P )− 1) + n(pa − 1).
Proof. By Lemma 2.2.1, we know that |G| = ptN1 for some t ≥ a, where N1 is a
positive integer with n|N1 and gcd(p,N1) = 1. Let H be a normal subgroup of G of
index [G : H] = pt and F1 be the fixed field of H.
(i) Note that F1/F0 is a Galois p-extension of degree p
t. That is, P is the only ramified
in F1/F0 with ramification index p
a. Then by Deuring–Shafarevic formula for p-
Galois extensions ([1, Corollary 2.2.]), we have
γ(F1)− 1 = pt(γ(F0)− 1) + pt − a(pa − 1) = −pt−a.
As γ(F1) ≥ 0, this is possible if and only if t = a and γ(F1) = 0, which is the
desired result.
(ii) Let P ′ (resp., P ′′) be a place of F1 (resp., of F ) lying over P (resp., over P ′).
Note that, by Corollary 1.2.8, we have
d(P ) = d(P ′′|P ) = e(P ′′|P ′)d(P ′|P ) + d(P ′′|P ′) = nd(P ′|P ) + (n− 1).
By Remark 1.2.21, we have d(P ′|P ) ≥ 2(pa − 1); hence,
d(P ) ≥ 2n(pa − 1) + (n− 1) = (npa − 1) + n(pa − 1).
Then the fact that e(P ) = npa gives the desired result.
Lemma 2.2.4. Suppose that the number of ramified places of F0 is greater than or
equal to 5, i.e., r ≥ 5. Then we have N ≤ 4(g − 1).
Proof. By Equation (1.6) we get
2g − 2 = N
(
− 2 +
r∑
i=1
di
ei
)
≥ N
(
− 2 + 5 · 1
2
)
=
N
2
.
Therefore, we obtain N ≤ 4(g − 1).
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From now on, we investigate the cases for which the number of ramified places of
F0 in F/F0 less than or equal to 4. We recall that F0 is the fixed field of G and of
genus 0. We denote the number of ramified places of F0 in F/F0 by r.
2.2.1 Case I: r = 4
In this subsection, we consider F of type (e1, e2, e3, e4). That is, there are 4 ramified
places of F0, say P1, P2, P3, P4, with ramification indices e1, e2, e3, e4, respectively, such
that e1 ≤ e2 ≤ e3 ≤ e4.
Theorem 2.2.5. Let F/K be a function field and G be a nilpotent subgroup of Aut(F/K)
of order N . If FG = F0 is rational and there are exactly 4 ramified places of F0 in
F/F0, then N ≤ 8(g − 1).
Case (a): Suppose that e2 ≥ 3. We will show that N ≤ 4(g − 1).
By Equation (1.6), we have
2g − 2 = N
(
− 2 +
4∑
i=1
di
ei
)
≥ N
(
− 2 + 1
2
+ 3 · 2
3
)
=
N
2
.
Therefore, N ≤ 4(g − 1).
Case (b): Suppose that e2 = 2. We will show that N ≤ 8(g − 1).
In this case, we have e1 = e2 = 2. Similarly, by Equation (1.6) if e3 ≥ 4, then we again
have N ≤ 4(g − 1). Hence, we suppose that e3 < 4.
We first suppose that e3 = 3. If e4 ≥ 6, then
2g − 2 ≥ N
(
− 2 + 2 · 1
2
+
2
3
+
5
6
)
=
N
2
,
implying N ≤ 4(g − 1).
The case e4 = 5 is impossible by Lemma 2.2.2. That is, F is either of type (2, 2, 3, 4)
or of type (2, 2, 3, 3).
(i) Assume that F is of type (2, 2, 3, 4). We will show N < 2(g − 1).
In this case, by Lemma 2.2.2, char(K) = 3 and by Lemma 2.2.3-(i) N = 2a3 with
a ≥ 2. Let H be a normal subgroup of G of index [G : H] = 2a, and F1 = FH , i.e.,
F1/F0 is a Galois extension of degree 2
a. Then P1, P2, P4 are tamely ramified and P3
is unramified in F1/F0. Thus, by Equation (1.6), we have
2g(F1)− 2 = 2a
(
− 2 + 1
2
+
1
2
+
3
4
)
< 0.
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That is, g(F1) = 0; hence, 2g(F1) − 2 = −2 = 2a · (−14). This implies that a = 3.
Note that there are 8 places lying over P3 and each of them is wildly ramified in F/F1.
Applying Hurwitz’s genus formula with respect to the extension F/F1, we obtain
2g − 2 ≥ 3
(
− 2 + 8 · 2(3− 1)
3
)
= 3
(
− 2 + 32
3
)
> 8 · 3 = N,
i.e., we have N < 2(g − 1).
(ii) Assume that F is of type (2, 2, 3, 3). We will show that N ≤ 6(g − 1).
Similarly, by Lemma 2.2.1, N = 2a3b where a, b ∈ N with a, b ≥ 1. We will analyze the
cases separately.
(1) Assume that char(K) = 2.
Let H be a normal subgroup of G of index [G : H] = 3b and F1 = F
H . Then P1, P2
are unramified and P3, P4 are tamely ramified in F1/F0 . Thus, by Equation (1.6),
we have
2g(F1)− 2 = 3b
(
− 2 + 2
3
+
2
3
)
= 3b · −2
3
< 0.
That is, g(F1) = 0; hence, b = 1 and N = 3 · 2a. Note that there are 6 places of
F1 lying over P1, P2. Moreover, each of them is ramified in F/F1 with a different
exponent ≥ 2(2− 1). Then applying Equation (1.6) to the extension F/F1, we see
that
2g − 2 ≥ 2a
(
− 2 + 6 · 2(2− 1)
2
)
= 4 · 2a > 3 · 2a = N,
i.e., N < 2(g − 1).
(2) Assume that char(K) = 3.
Let H be a normal subgroup of G of index [G : H] = 2a and F1 = F
H ; so that
F1/F0 is a Galois extension of degree 2
a. Then P1, P2 are tamely ramified and
P3, P4 are unramified in F1/F0. Thus, by Equation (1.6), we have
2g(F1)− 2 = 2a
(
− 2 + 2 · 1
2
)
= −2a < 0.
That is, g(F1) = 0; hence, a = 1 and N = 2 · 3b. Note that there are 4 places of
F1 lying over P3, P4. Moreover, each of them is ramified in F/F1 with a different
exponent ≥ 2(3− 1). Then applying Equation (1.6) to the extension F/F1, we see
that
2g − 2 ≥ 3b
(
− 2 + 4 · 2(3− 1)
3
)
=
10
3
· 3b > 2 · 3b = N,
i.e., N < 2(g − 1).
(3) Assume that char(K) 6= 2, 3.
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We will show that N = 6 and g = 2, i.e, N = 6(g − 1).
Let H1, H2 be a normal subgroups of G of index [G : H1] = 2
a and [G : H2] = 3
b.
We set F1 = F
H1 and F2 = F
H2 ; so that F1/F0 and F2/F0 are Galois extensions
of degree 2a and 3b, respectively. Then P1, P2 are tamely ramified and P3, P4 are
unramified in F1/F0. Similarly, P1, P2 are unramified and P3, P4 are tamely ramified
in F2/F0. Moreover, F is the compositum of F1 and F2. Thus, by Equation (1.6),
we have
2g(F1)− 2 = 2a
(
− 2 + 1
2
+
1
2
)
= −2a < 0.
That is, g(F1) = 0; hence, a = 1 and N = 2 · 3b.
Now, we consider the extension F2/F0. By Equation (1.6) we have
2g(F2)− 2 = 3b
(
− 2 + 2
3
+
2
3
)
= 3b · −2
3
< 0.
That is, g(F2) = 0; hence, b = 1. In particular, we have N = 6 and by Equation
(1.6), we obtain that g = 2, since
2g − 2 = 6
(
− 2 + 2 · 1
2
+ 2 · 2
3
)
= 2.
Note that in this case G is cyclic group of order 6 and N ≤ 6(g − 1).
Now, we consider the case e3 = 2.
Write e4 = 2
sm where s ≥ 0 and m is an odd integer, i.e., F is of type (2, 2, 2, 2sm).
We investigate into two cases.
(1) Assume that m > 1. We will show that N < 3(g − 1).
Note that m cannot have more than one prime divisor by Lemma 2.2.2. That is,
m = pt for some prime number p > 2, t ≥ 1. Hence, p = char(K) and N = 2apb
for some integers a, b with a ≥ max{1, s}, b ≥ t. Note that there is a unique wild
ramification, we get b = t by Lemma 2.2.3–(i). Let H be a normal subgroup of G
of index [G : H] = pt and F1 = F
H so that F1/F0 is a Galois extension of degree
pt. Since P1, P2, P3 split in F1/F0, i.e., there are 3p
b places tamely ramified in F/F1
ramified with ramification indices 2. Then by applying Equation (1.6) for F/F1 we
obtain the following equalities.
2g − 2 = 2a
(
2g(F1)− 2 + 3pt · 1
2
)
= 2a(2g(F1)− 2) + 2a−1 · 3 · pt
≥ pt · 2a + 2a−1(pt − 4)
= N + 2a−1(pt − 4). (2.3)
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If pt 6= 3, then pt > 4. Therefore, by Equation (2.3) we have N < 2(g−1). Suppose
pt = 3, then N = 3 · 2a. Thus, by Equation (2.3), we obtain
2g − 2 ≥ N + 2a−1(3− 4) = 2a · 3− 2a−1 = N − N
6
,
which implies N ≤ 12
5
(g − 1) < 3(g − 1).
(2) Assume that m = 1. We will show that N ≤ 8(g − 1).
That is, F is of type (2, 2, 2, 2s). Then s ≥ 1 and N = 2a for some integer a ≥ s.
If char(K) = 2, then N ≤ g − 1. Suppose that char(K) > 2. Then P1, P2, P3, P4
are all tamely ramified in F/F0; hence, by Equation (1.6) we have
2g − 2 = N
(
−2 + 3 · 1
2
+
2s − 1
2s
)
.
Therefore s ≥ 2 since g ≥ 2 and N = 2
s+1
2s−1 − 1(g − 1) ≤ 8(g − 1).
The above calculations gives the desired result stated in Theorem 2.2.5.
2.2.2 Case II. r = 3
In this subsection, we consider F of type (e1, e2, e3). That is, there are 3 ramified
places of F0, say P1, P2, P3, with ramification indices e1, e2, e3, respectively, such that
e1 ≤ e2 ≤ e3.
Theorem 2.2.6. Let F/K be a function field and G be a nilpotent subgroup of Aut(F/K)
of order N . If FG = F0 is rational and there are exactly 3 ramified places of F0 in
F/F0, then N ≤ 16(g − 1).
Case (a): Assume that e1 ≥ 4. We will show that N ≤ 8(g − 1).
By Equation (1.6), we obtain
2g − 2 ≥ N
(
− 2 + 3 · 3
4
)
=
N
4
.
Therefore, N ≤ 8(g − 1).
Case (b): Suppose that e1 = 3. We will show that N ≤ 9(g − 1).
(i) Assume that e2 ≥ 6.
By Equation (1.6) we have
2g − 2 ≥ N
(
− 2 + 2
3
+ 2 · 5
6
)
=
N
3
.
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Therefore, N ≤ 6(g − 1).
(ii) Assume now that e2 = 5.
Thus, F is of type (3, 5, e3). By Lemma 2.2.2, e3 can have at most one prime
divisor p 6= 3, 5. We write e3 = 3a5bpc for some prime number p 6= 3, 5 and
a, b, c ≥ 0. Then N = 3k5lpm for some k ≥ max{1, a}, l ≥ max{1, b} and m ≥ c.
If c > 0, then both a and b are positive and charK = p. Moreover, as P3 is the
unique wildly ramified place, by Lemma 2.2.3 (i), N = 3k5lpc. Now, let H be a
normal subgroup of G of index [G : H] = 3k and F1 be the fixed field of H; so
that F1/F0 is an extension of degree 3
k and P1, P3 are the only ramified places of
F0 in F1/F0. Applying Hurwitz’s genus formula with respect to F1/F0, we get
2g(F1)− 2 = 3k
(
− 2 + 2
3
+
3a − 1
3a
)
< 0.
Therefore, g(F1) = 0 and k = 1. Similarly, we can show that l = 1. Hence,
e3 = 15p
c. Thus, by Equation (1.6) and Lemma 2.2.3 (ii), we obtain
2g − 2 ≥ N
(
− 2 + 2
3
+
4
5
+
(15pc − 1) + 15(pc − 1)
15pc
)
≥ N
(
2
3
+
4
5
− 8
15
)
=
14N
15
>
2N
3
,
i.e., N < 3(g − 1).
Now, suppose that c = 0. If a = 0 (resp. b = 0), then charK = 3 (resp.
charK = 5) and b = 1 (resp. a = 1). Thus, there is a unique wild ramification;
hence,
2g − 2 ≥ N
(
− 2 + 2(3− 1)
3
+ 2 · 4
5
)
>
2N
3(
resp. 2g − 2 ≥ N
(
−2 + 22
3
+ 2(5−1)
5
)
> 2N
3
)
. Hence, N < 3(g − 1).
If a, b > 0, then e3 ≥ 15. Then we have
2g − 2 ≥ N
(
− 2 + 2
3
+
4
5
+
14
15
)
)
=
2N
5
;
hence, we obtain N ≤ 5(g − 1).
(iii) Assume that e2 = 4.
Then F is of type (3, 4, e3). By Lemma 2.2.2, e3 can have at most one prime
divisor p 6= 2, 3. We write e3 = 2a3bpc for some prime p 6= 2, 3 and a, b, c ≥ 0.
Then N = 2k3lpm for some k ≥ max{2, a}, l ≥ max{1, b} and m ≥ c. If c > 0,
then both a and b are positive. Then charK = p. Moreover, as P3 is the unique
wildly ramified place, by Lemma 2.2.3 (i), N = 2k3lpc.
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Now, let H be a normal subgroup of G of index [G : H] = 3l and F1 be the fixed
field of H, i.e., F1/F0 is a Galois extension of degree 3
l. Then only P1 and P3 are
ramified in F1/F0. Applying Hurwitz’s genus formula with respect to F1/F0 we
get
2g(F1)− 2 = 3l
(
− 2 + 2
3
+
3b − 1
3b
)
< 0.
Thus, g(F1) = 0 and b = l = 1. Similarly, we can show that a = k = 2. Hence,
e3 = 12p
c. Thus, by Equation (1.6) and Lemma 2.2.3 (ii), we get
2g − 2 ≥ N
(
− 2 + 2
3
+
3
4
+
(12pc − 1) + 12(pc − 1)
12pc
)
= N
(
2
3
+
3
4
− 13
12pc
)
≥ N
(
2
3
+
3
4
− 13
60
)
> N,
i.e., N < 2(g − 1).
Now, suppose that c = 0. If a = 0 (resp. b = 0), then charK = 2 (resp.
charK = 3) and b = 2 (resp. a = 1). Thus, there is a unique wild ramification;
hence,
2g − 2 ≥ N
(
− 2 + 2 · 2
3
+
2(4− 1)
4
)
=
5N
6
.(
resp. 2g − 2 ≥ N
(
−2 + 2 · 3
4
+ 2(3−1)
4
)
= 5N
6
)
. Therefore, N < 3(g − 1).
Suppose now that a, b > 0. Then e3 ≥ 6. Moreover, if charK 6= 2, 3, then we
have a = k = 2 and b = l = 1, i.e e3 = 12. Therefore,
2g − 2 = N
(
− 2 + 2
3
+
3
4
+
11
12
)
=
N
3
,
i.e., N ≤ 6(g − 1).
If charK = 2 (resp. charK = 3), then we again have b = l = 1 (resp. a = k = 2)
and there are two wildly ramified places P2, P3 (resp. P1, P3). Therefore, by
Equation (1.6) and Lemma 2.2.3 (ii), we have
2g − 2 ≥ N
(
− 2 + 2
3
+
2(4− 1)
4
+
(3 · 2a − 1) + (2a − 1)
3 · 2a
)
≥ N
(
3
2
− 2
6
)
> N
(
resp. 2g − 2 ≥ N
(
−2 + 2(3−1)
3
+ 3
4
+ (4·3
b−1)+(3b−1)
4·3b
)
≥ N (4
3
− 1
6
)
> N
)
. There-
fore N < 2(g − 1).
(iv) Assume that e2 = 3.
Then F is of type of the form (3, 3, e3). By Lemma 2.2.2, e3 can have at most
one prime divisor p 6= 3. We write e3 = 3apb for some a, b ≥ 0 with e3 ≥ 3.
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Then N = 3kpl for some k ≥ max{1, a} and l ≥ b. If b > 0, then charK = p.
Then P3 is the unique wildly ramified place. Hence, by Lemma 2.2.3, d(P3) ≥
(3apb − 1) + 3a(pb − 1) and N = 3kpb. Applying Hurwitz’s genus formula with
respect to F/F0, we get
2g − 2 ≥ N
(
− 2 + 2 · 2
3
+
(3apb − 1) + 3a(pb − 1)
3apb
)
≥ 2N
3
.
Hence, N ≤ 3(g − 1).
Now, suppose that b = 0. If a = 1, then charK = 3; otherwise g = 1. That is,
all places are wildly ramified; hence,
2g − 2 ≥ N
(
− 2 + 3 · 2(3− 1)
3
)
≥ 2N.
Hence, N ≤ g − 1.
If a > 1, then
2g − 2 ≥ N
(
− 2 + 2 · 3− 1
3
+
3a − 1
3a
)
≥ 2N
9
,
i.e., N ≤ 9(g − 1).
Case (c): Suppose that e1 = 2. We will show that N ≤ 16(g − 1).
Let F be of the form (2, e2, e3). We investigate under two cases according to charac-
teristic of K.
(i) charK = 2: In this case P1 is wildly ramified, i.e., d1 ≥ 2; hence, by Equation
(1.6), we have
2g − 2 ≥ N
(
− 1 + d2
e2
+
d3
e3
)
.
If e2 ≥ 3, then
2g − 2 ≥ N
(
− 1 + 2 · 2
3
)
≥ N
3
,
i.e., we have N ≤ 6(g − 1).
Assume that e2 = 2. Then P2 is also wildly ramified, i.e., d2 ≥ 2, and we get
2g − 2 ≥ N
(
− 2 + 2 · 2(2− 1)
2
+
2
3
)
=
2N
3
,
i.e., N ≤ 3(g − 1).
(ii) char(K) > 2:
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(1) If e2 ≥ 6, then we have
2g − 2 ≥ N
(
− 2 + 1
2
+ 2 · 5
6
)
=
N
6
.
Therefore, N ≤ 12(g − 1).
(2) If e2 = 5, then F is of type (2, 5, e3). Then by Lemma 2.2.2, e3 can have at
most one prime divisor p 6= 2, 5. We write e3 = 2a5bpc for some prime p 6= 2, 5
and a, b, c ≥ 0. Then N = 2k5lpm for some k ≥ max{1, a}, l ≥ {1, b} and
m ≥ c. Let H be a normal subgroup of G of index [G : H] = 2k and F1 be
the fixed field of H, i.e F1/F0 is a Galois extension degree 2
k. Note that 2|e3
because otherwise charK = 2. Then only P1 and P3 are ramified (tamely) in
F1/F0. Applying Hurwitz’s genus formula with respect to F1/F0, we get
2g(F1)− 2 = 2k
(
− 2 + 1
2
+
2a − 1
2a
)
< 0.
Thus, g(F1) = 0 and a = k = 1.
If c > 0, then charK = p. Similarly as above, we get b = l = 1. Hence,
e3 = 10p
c. Then P3 is the unique wildly ramified place. Therefore, by
Lemma 2.2.3, d(P3) ≥ (10pc − 1) + 10(pc − 1) and N = 10pc. Thus,
2g − 2 ≥ N
(
− 2 + 1
2
+
4
5
+
(10pc − 1) + 10(pc − 1)
10pc
)
≥ 14N
15
>
2N
3
,
i.e., N < 3(g − 1).
Now, suppose that c = 0. If b = 0, then e3 = 2, which is impossible as e3 ≥ 5.
Thus, b > 0; hence, e3 ≥ 10. Therefore,
2g − 2 ≥ N(−2 + 1
2
+
4
5
+
9
10
) =
N
5
,
i.e., N ≤ 10(g − 1).
(3) If e2 = 4, then F is of type (2, 4, e3). Then by Lemma 2.2.2, e3 can have at
most one prime divisor p 6= 2. We write e3 = 2apb for some prime number
p 6= 2 and a, b ≥ 0 with e3 ≥ 4. Then N = 2kpl for some k ≥ max{1, a} and
l ≥ b. If b > 0, then charK = p and applying Hurwitz’s genus formula with
respect to F/F0, we get
2g − 2 = N
(
− 2 + 1
2
+
3
4
+
(2apb − 1) + (pb − 1)
2apb
)
≥ N
4
.
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Thus, N ≤ 8(g − 1).
Now, suppose that b = 0. Since charK 6= 2, by Equation 1.6 we have
2g − 2 = N
(
− 2 + 1
2
+
3
4
+
2a − 1
2a
)
= N
(
1
4
− 1
2a
)
.
Since LHS of the above equality is greater than or equal to 2, we get a ≥ 3.
Hence, 2g − 2 ≥ N
8
, i.e., N ≤ 16(g − 1).
(4) If e2 = 3, then F is of type (2, 3, e3). Then by Lemma 2.2.2, e3 can have
at most one prime divisor p 6= 2, 3 . We write e3 = 2a3bpc for some prime
number p 6= 2, 3 and a, b, c ≥ 0 with e3 ≥ 3. Then N = 2k3lpm for some
k ≥ max{1, a}, l ≥ {1, b} and m ≥ c. Let H be a normal subgroup of
G of index [G : H] = 2k and F1 be the fixed field of H, i.e., F1/F0 is a
Galois extension of degree 2k. Then only P1 and P3 can be ramified in F1/F0.
Applying Hurwitz’s genus formula with respect to F1/F0, we get
2g(F1)− 2 = 2k
(
− 2 + 1
2
+
2a − 1
2a
)
< 0.
Thus, g(F1) = 0 and a = k = 1.
If c > 0, then charK = p. Similarly as above, we get b = l = 1. Hence,
e3 = 6p
c. Then P3 is the unique wildly ramified place. Therefore, by
Lemma 2.2.3, d(P3) ≥ (6pc − 1) + 6(pc − 1) and N = 6pc. Then we get
2g − 2 ≥ N
(
− 2 + 1
2
+
2
3
+
(6pc − 1) + 6(pc − 1)
6pc
)
>
2N
3
,
i.e., N < 3(g − 1).
Now, suppose that c = 0. If b = 0, then e3 = 2, which is impossible as e3 ≥ 3.
Then b > 0. Suppose that char(K) 6= 3. Let H1 be a normal subgroup of G
of index [G : H1] = 3
b and F2 = F
H1 so that F2/F0 is a Galois extension of
degree 3b. Then applying Equation (1.6) to F2/F0, we observe that b = 1,
i.e., F is of type (2, 3, 6). Since F/F0 is a tame extension, we have
2g − 2 = N
(
− 2 + 1
2
+
2
3
+
5
6
)
= 0,
which gives a contradiction as g ≥ 2.
Therefore, we conclude that char(K) = 3, i.e., P2, P3 are wildly ramified with
different exponents d2 ≥ 2(3 − 1) and d3 ≥ 5 + 2(3 − 1). Then by Equation
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(1.6), we have
2g − 2 ≥ N
(
− 2 + 1
2
+
2(3− 1)
3
+
5 + 2(3− 1)
6
)
=
4N
3
> N,
i.e., we have N < 2(g − 1).
(5) If e2 = 2, then F is of type (2, 2, e3). Then by Lemma 2.2.2, e3 can have at
most one prime divisor p 6= 2. We write e3 = 2apb for some prime number
p 6= 2 and a, b ≥ 0 with e3 ≥ 2. Then N = 2kpl for some k ≥ max{1, a} and
l ≥ b. Suppose first that b = 0. Since charK 6= 2, we get
2g − 2 = N
(
− 2 + 1
2
+
1
2
+
2a − 1
2a
)
< 0,
which is not possible as g ≥ 2. Therefore, b > 0. Then charK = p. Applying
Hurwitz’s genus formula with respect to F/F0 and using Lemma 2.2.3-(ii),
we get
2g − 2 = N
(
− 2 + 1
2
+
1
2
+
(2apb − 1) + 2a(pb − 1)
2apb
)
= N
2apb − 2a − 1
2apb
≥ N
(
1− 2
a + 1
3 · 2a
)
≥ N
3
.
Hence, N ≤ 6(g − 1).
The above calculations gives the desired result stated in Theorem 2.2.6.
2.2.3 Case III. r = 2
In this subsection we investigate F of the form (e1, e2). That is, there are 2 ramified
places of F0, say P1, P2, with ramification indices e1, e2, respectively, such that e1 ≤ e2.
Theorem 2.2.7. Let F/K be a function field and G be a nilpotent subgroup of Aut(F/K)
of order N . If FG = F0 is rational and there are exactly 2 ramified places of F0 in
F/F0, then N ≤ 10(g − 1).
Let p = char(K). Say e1 = p
an, e2 = p
bm for some nonnegative integers a, b and
gcd(p, n) = gcd(p,m) = 1. Note that a, b cannot be both zero; otherwise F/F0 is
tame; hence, by Equation (1.6), we have
2 ≤ 2g − 2 = N
(
− 2 + e1 − 1
e1
+
e2 − 1
e2
)
< 0,
which is a contradiction.
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Case (a): Suppose that G is a p-group.
In this case, P1 and P2 are wildly ramified with different exponents d1 ≥ 2(pa− 1) and
d2 ≥ 2(pb − 1), respectively. Then by Equation (1.6) we have
2g − 2 ≥ N
(
−2 + 2(p
a − 1)
pa
+
2(pb − 1)
pb
)
= N
(
2− 2
pa
− 2
pb
)
.
If pa = pb = 2 is not the case, then we have
2g − 2 ≥ N
(
2− 1− 2
4
)
=
N
2
,
i.e., we have N ≤ 4(g − 1).
If pa = pb = 2, then the case d1 = d2 = 2 cannot hold; otherwise, we would have g = 1.
We without loss of generality suppose that d2 ≥ 3. Then we get
2g − 2 ≥ N
(
−2 + 1 + 3
2
)
=
N
2
,
i.e., we have N ≤ 4(g − 1).
Case (b): Assume that G is not a p-group.
Let |G| = N = pt·N1, where t ≥ max{a, b} andN1 > 1 is an integer with gcd(p,N1) = 1.
Let H be a normal subgroup of G of index [G : H] = N1. Set F1 = F
H and g1 = g(F1).
Note that F1/F0 is a tame Galois extension of degree N1. By Equation (1.6), we con-
clude that g1 = 0, and P1, P2 are both totally ramified in F1/F0. In particular, we
conclude that n = m = N1, i.e., F is of the type (p
aN1, p
bN1).
(i) Suppose that F is of the type (N1, N1p
b).
Then there is only one wildly ramified place of F0, namely, P2; hence, by Lemma 2.2.3,
we have |G| = N1pb and d2 ≥ (N1pb − 1) + N1(pb − 1). Then by Equation (1.6)
we get
2g − 2 ≥ N
(
− 2 + N1 − 1
N1
+
(N1p
b − 1) +N1(pb − 1)
N1pb
)
= N
(
1− 1
N1
− 1
N1pb
− 1
pb
)
.
(1) Suppose pb ≥ 5.
Then by the facts that pb ≥ 5 and N1 ≥ 2 we have
2g − 2 ≥ N
(
1− 1
N1
− 1
N1pb
− 1
pb
)
≥ N
5
,
i.e., we have N ≤ 10(g − 1).
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(2) Suppose pb = 4. Then F is of the type (N1, 4N1). Note that char(K) = 2
and N1 ≥ 3. Then by Lemma 2.2.3 (ii) and Equation (1.6), we get
2g − 2 ≥ N
(
− 2 + N1 − 1
N1
+
(4N1 − 1) +N1(4− 1)
4N1
)
= N
(
3
4
− 5
4N1
)
≥ N
3
,
i.e., we have N ≤ 6(g − 1).
(3) If pb = 3, then F is of the type (N1, 3N1). Note that char(K) = 3 and N1 ≥ 2.
By Lemma 2.2.3 (ii) and Equation (1.6), we get
2g − 2 ≥ N
(
− 2 + N1 − 1
N1
+
(3N1 − 1) +N1(3− 1)
3N1
)
= N
(
2
3
− 4
3N1
)
.
Suppose N1 > 2, i.e., N1 ≥ 4. Then we have 2g − 2 ≥ N/3, i.e., we have
N ≤ 6(g − 1).
Now, we consider the case that F is of the type (2, 6). Hence, we have N = 6.
Applying Hurwitz’s genus formula with respect to F/F1, we obtain
2g − 2 ≥ 3(−2 + 2(3− 1)) = 6 = N.
Therefore, N ≤ 2(g − 1).
(4) If pb = 2, then N ≤ 10(g − 1).
That is, F is of type (N1, 2N1). Note that char(K) = 2 and N1 ≥ 3. Then
by Lemma 2.2.3 (ii) and Equation (1.6), we get
2g − 2 ≥ N
(
− 2 + N1 − 1
N1
+
(2N1 − 1) +N1(2− 1)
2N1
)
= N
(
1
2
− 3
2N1
)
. (2.4)
If N1 6= 3, then N1 ≥ 5. In this case, by Equation (2.4), we get 2g−2 ≥ N/5,
i.e., N ≤ 10(g − 1).
Now, we consider the case that F is of the type (3, 6). Then N = 6. Let H
be a normal subgroup of G of index 2 and F2 = F
H , i.e., F2/F0 is a Galois
extension of degree 2. Let Q2 be the unique place of F2 lying over P2 and Q˜2
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be the place of F lying over Q2. Then by Lemma 1.2.8, we have
d(Q˜2|P2) = e(Q˜2|Q2) · d(Q2|P2) + d(Q˜2|Q2)
= 3 · d(Q2|P2) + 2. (2.5)
By Equations (1.6) and (2.5), we have
2g − 2 = N
(
−2 + 2
3
+
d(Q˜2|P2)
6
)
= N
(
−4
3
+
3 · d(Q2|P2) + 2
6
)
= N
(
−1 + d(Q2|P2)
2
)
.
This implies that d(Q2|P2) ≥ 3, since 2g − 2 ≥ 2. Therefore,
2g − 2 = N
(
−1 + d(Q2|P2)
2
)
≥ N
2
,
i.e., N ≤ 4(g − 1).
(ii) Suppose that F is of type (N1p
a, N1p
b).
Now, let H1 be a normal subgroup of G with [G : H1] = p
t and F2 = F
H1 , i.e.,
F/F2 is an extension of degree p
t. Then applying Equation (1.6) to F2/F0, we
have
2g(F2)− 2 = pt
(
− 2 + d(P1)
pa
+
d(P2)
pb
)
. (2.6)
Note that we have d(P1) ≥ 2(pa − 1) and d(P2) ≥ 2(pb − 1) by Remark 1.2.21.
Suppose first that pa = 2 = pb is not the case. Then we get
2g(F2)− 2 = pt
(
− 2 + d(P1)
pa
+
d(Q2)
pb
)
≥ pt
(
− 2 + 2(p
a − 1)
pa
+
2(pb − 1)
pb
)
= pt
(
2− 2
pa
− 2
pb
)
≥ 2p
t
3
.
Therefore,
pt ≤ 3(g(F2)− 1). (2.7)
Moreover, since
2pt
3
> 0, g(F2) is at least 2. Therefore, by Lemma 2.1.8, we also
have N ≤ 3(g − 1).
Suppose now that pa = pb = 2. In particular, char(K) = 2. We will calculate
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Diff(F/F0) in two different ways using transitivity of different. For i = 1, 2,
let di, d˜i be the different exponents of Pi in the extensions F2/F0 and F1/F0,
respectively. Then by Lemma 1.2.8, we have
N1di + (N1 − 1) = 2(N1 − 1) + d˜i,
i.e., d˜i = N1(di − 1) + 1. Then applying Equation (1.6) with respect to F/F1, we
get
2g − 2 = 2t
(
−2 + d˜1
2
+
d˜2
2
)
= 2t
(
−2 + N1(d1 − 1) + 1
2
+
N1(d2 − 1) + 1
2
)
= 2tN1
(−1
N1
+
d1 − 1
2
+
d2 − 1
2
)
≥ N
(−1
3
+ 1
)
=
2N
3
where the last inequality comes from the facts that d1, d2 ≥ 2 and N1 ≥ 3. Thus,
we obtain N ≤ 3(g − 1).
The above calculations gives the desired result stated in Theorem 2.2.7.
2.2.4 Case IV. r = 1
Theorem 2.2.8. Let F/K be a function field and G be a nilpotent subgroup of Aut(F/K)
of order N . If FG = F0 is rational and there is a unique place P of F0, which is ramified
in F/F0, then N ≤ 4p(p−1)2 g2.
Proof. Note that P is wildly ramified. Let p = char(K). Then e(P ) = pan for some
positive integer n with gcd(p, n) = 1. Say |G| = ptN1 for some integers t ≥ a ≥ 0 and
N1 ≥ 1. Let H be a normal subgroup of G of index [G : H] = N1 and F1 = FH of
genus g1. Then F1/F0 is a tame Galois extension of degree N1. By Equation (1.6), we
have
2g1 − 2 = N1
(
−2 + n− 1
n
)
. (2.8)
Equation (2.8) implies that n = N1 = 1. Therefore, G is a p-group, i.e., we have
N = |G| = pt and e(P ) = pa for some t ≥ a > 0.
By Lemma 2.2.3-(i), P is totally ramified. In particular, we have γ(F ) = 0. Then by
[34, Satz 1], we conclude the desired result.
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2.2.5 Examples
In this section, we will give examples of function fields that attain the bounds we
obtained in Theorem 2.2.5, 2.2.6, 2.2.7 and 2.2.8. This implies that the bounds cannot
be improved, i.e., the bounds are sharp.
The following example shows that the bound given in Theorem 2.2.6 is sharp.
Example 2.2.9. (1) Let p 6= 2. Consider the function field F with defining equation
y2 = x(x4 − 1).
By Proposition 1.2.14, we conclude that the genus g(F ) of F is 2. Let ζ be a
primitive 8-th root of unity. We define two maps σ, τ : F → F as follows:
σ :
{
x 7→ ζ2x
y 7→ ζy and τ :
{
x 7→ −1/x
y 7→ y/x3.
Then
σ(y)2 = ζ2y2 = ζ2x(x4 − 1) = σ(x)(σ(x)4 − 1) and
τ(y)2 =
y2
x6
=
x(x4 − 1)
x6
= τ(x)(τ(x)4 − 1).
Therefore, σ and τ define automorphisms of F/K. Note that ordσ = 8 and τ 2 = σ4
so that ord τ = 4. Let G be the subgroup of Aut(F/K) generated by σ, τ , i.e.,
G = 〈σ, τ〉. Define z := x4 and t := z
2 + 1
2z
. Since K(t) ⊆ F 〈σ〉 and K(t) ⊆ F 〈τ〉,
we have K(t) ⊆ FG. Since τ 6∈ 〈σ〉, this implies that K(t) = FG. Then we have
the following picture:
F = K(x, y) (x = 0, y = 0) (x =∞, y =∞) (y = 0) (y = 0) (y = 0) (y = 0)
F 〈σ
4〉 = K(x) (x = 0) (x =∞) (x = 1)(x = ζ2)(x = ζ4)(x = ζ6)
F 〈σ〉 = K(z) (z = 0) (z =∞) (z = 1)
FG = K(t) (t =∞) (t = 1)
2 e=2 e=2 e=2 e=2 e=2 e=2
4 e=4 e=4
2 e=2
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(y = 0)(y = 0) (y = 0) (y = 0) (y = 0) (y = 0) (y = 0) (y = 0)
(x = ζ) (x = ζ3) (x = ζ5) (x = ζ7)
(z = −1)
(t = −1)
e=2
Note that
(i) τK(x) sends the place (x = 0) to the place (x =∞), therefore, (z = 0) maps
to (z =∞). Also, τK(x) sends the place (x =∞) to the place (x = 0), then
(z = ∞) maps to (z = 0). Hence, (z = 0) and (z = ∞) lie over the same
place (t =∞) of K(t). Thus, (t =∞) is unramified in K(z)/K(t).
(ii) τK(x) fixes the places (z = 1) and (z = −1). Then (z = 1) and (z = −1) are
totally ramified in K(z)/K(t). By Hurwitz’s genus formula, we know that
there are no other ramification in K(z)/K(t).
Hence, we obtain a subgroup G = Aut(F/K(t)) of Aut(F/K) of order 16 and the
ramified places of K(t) in F are (t = ∞), (t = 1) and (t = −1) with ramification
indices 8, 4, 2, respectively. Thus, F is of type (2, 4, 8). Therefore, N = |G| =
16(g − 1).
Now, we study the group structure of G. Note that the subgroup 〈σ〉 ' C8 is
normal in G, since ordσ = 8 and |G| = 16. Moreover, we have (στ)2 = idF and
(στ)σ(στ)−1 = σ3. Therefore,
G = 〈σ, στ〉 ' C8 oϕ C2,
where ϕ : 〈στ〉 → Aut(〈σ〉) is given by ϕστ (σ) = σ3.
(2) For any m ≥ 1, F has a unique maximal unramified abelian extension F ′ such
that [F ′ : F ] = 24m, see [30, Section 4.7]. Let F˜ be the Galois closure of F ′/K(t).
We first show that F˜ = F ′. To this end, let γ ∈ Aut(F˜ /K(t)). In particular,
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γ(t) = t. Then γ(z)
2+1
γ(z)
= z
2+1
z
. Therefore, either γ(z) = z or γ(z) = 1
z
. In
the former case, we have x4 = γ(x4) = γ(x)4. Hence, γ(x) = αx, where α is a
4-th root of unity. Then γ(y)2 = γ(x)(γ(x)4 − 1) = αx(x4 − 1) = αy2. Thus,
γ(y) = βy with β2 = α, i.e., β is a 8-th root of unity. In the latter case, we have
1
x4
= γ(x)4 = γ(x4). Hence, γ(x) = α 1
x
, where α is a 4-th root of unity. Then
γ(y)2 = γ(x)(γ(x)4 − 1) = α 1
x
(
1
x4
− 1) = 1−x4
x5
= −y
2
x6
. Thus, γ(y) = β y
x3
, where
β2 = −1. Therefore, in both cases we have γ(x), γ(y) ∈ F . Hence, γ(F ) ⊆ F ,
i.e., γ(F ) = F . Moreover, we also have γ(F ′) = F ′ since F ′ is the unique maximal
unramified abelian extension F ′ such that [F ′ : F ] = 24m. Therefore, F˜ = F ′. This
means that we obtain a Galois extension F ′/K(t) having exactly 3 ramified places
of K(t), namely, (t = −1), (t = 1) and (t = ∞) whose ramification indices are 2,
4, 8, respectively. Thus, F ′ is of type (2, 4, 8). Moreover, [F ′ : K(t)] = 24m+4 and
g(F ′) = 24m + 1, that is, [F ′ : K(t)] = 16 · (g(F ′)− 1).
By using Example 2.2.9-(2), we obtain the following example which shows that the
bound given in Theorem 2.2.5 is sharp.
Example 2.2.10. Let F ′/K(t) be the Galois extension given in Example 2.2.9-(2).
Recall that p 6= 2. We consider the Kummer extension K(w)/K(t) given by w2 = t−1.
Since w2 = (x
4−1)2
2x4
, we have w ∈ F ′ and F ′/K(w) is of degree 24m+3. By Proposi-
tion 1.2.14, we conclude that (t = 1) and (t = ∞) are the only ramified places of
K(t) in K(w)/K(t). Let P1, P2 be places of K(w) lying over (t = −1) and P3, P4 be
places lying over (t = 1) and (t = ∞), respectively. By Abhyankar’s Lemma (see [36,
Theorem 3.9.1]), we conclude that the places Pi are the only ramified places of K(w)
in F ′/K(w) and the ramification indices are given by
e(P1) = e(P2) = e(P3) = 2 and e(P4) = 4.
Hence, F ′ is a function field of genus g(F ′) = 24m + 1 of type (2, 2, 2, 4) satisfying
N = 8(g(F ′)− 1).
The following two examples show that both cases, where the bound in Theorem 2.2.7
can be attained, appear.
Example 2.2.11. (1) Let p = 5. Consider the function field F with defining equa-
tion
y5 − y = x2.
Set z := x2. Then we have the following picture:
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F = K(x, y)
K(x) K(y)
K(z)
5 2
2 5
We consider F as a Kummer extension over K(y). The ramified places in F/K(y)
are the pole (y = ∞) of y and the places y = α with α5 − α = 0. Then by
Hurwitz’s genus formula we obtain
2g − 2 = 2
(
− 2 + (5 + 1) · 1
2
)
= 2,
hence, g = 2. Note that the only ramified places of K(z) in F are (z = 0)
and (z = ∞) and F is of type (2, 10). Moreover, the automorphism group G of
F/K(z) is generated by automorphisms
σ :
{
x 7→ ζx
y 7→ y + α
where ζ is a primitive 2-root of unity and α is a root of y5 − y = 0 and G '
C5 × C2 ' C10. Then N = |G| = 10 = 10(g − 1).
(2) Let p = 2. Consider the function field F with defining equation
y2 − y = x5.
Set z := x5. Then we have the following picture:
F = K(x, y)
K(x) K(y)
K(z)
2 5
5 2
We consider F as a Kummer extension over K(y). The ramified places in F/K(y)
are the pole (y =∞) of y and the places (y = 0) and (y = 1). Then by Hurwitz’s
genus formula we obtain
2g − 2 = 5
(
− 2 + 3 · 4
4
)
= 2,
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hence, g = 2. Note that the only ramified places of K(z) in F are (z = 0)
and (z = ∞) and F is of type (5, 10). Moreover, the automorphism group G of
F/K(z) is generated by automorphisms
σ :
{
x 7→ ζx
y 7→ y + α
where ζ is a primitive 5-root of unity and α is a root of y2 − y = 0 and G '
C5 × C2 ' C10. Then N = |G| = 10 = 10(g − 1).
The following example shows that the bound in Theorem 2.2.8 holds, for further
details see [35].
Example 2.2.12. Let p ≥ 5 and n, k ≥ 1 be integers. Consider the function field
F := K(x, y) defined by
yp
n
+ y = xp
nk+1.
F can be considered as a Kummer extension over K(y), which is of degree pnk + 1.
The zero of y − α, where αpn + α = 0, and the pole of y in K(y) are the only places
ramified in F and they are totally ramified by Proposition 1.2.14. Hence, by Hurwitz’s
genus formula the genus of F is g(F ) =
pnk(pn − 1)
2
.
Let G = (Aut(F/K))P∞ and σ ∈ G. Then σ(L (kP∞)) = L (kP∞). This implies
that σ ∈ G is given by
σ : x 7→ x+ d
y 7→ y +Q(x)
where d ∈ K and pn degQ(x) ≤ vP∞(y) = pnk + 1. Note that
Q(x)p
n
+Q(x) = (x+ d)p
nk+1 − xpnk+1.
Say Q(x) = q0 + q1x+ . . .+ qpn(k−1)x
pn(k−1) . We can write
Q(x) +Q(x)p
n
=
∑
i 6≡0 mod pn
i≤pn(k−1)
qix
i +
pn(k−2)∑
j=0
(qjpn + q
pn
j )x
jpn +
∑
l=pn(k−2)+1
qp
n
l x
lpn .
On the other hand,
(x+ d)p
nk+1 − xpnk+1 = xpnk+1 + dxpnk + dpnkx+ dpnk+1 − xpnk+1
= dxp
nk
+ dp
nk
x+ dp
nk+1.
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Therefore, Q(x) + Q(x)p
n
= (x + d)p
nk+1 − xpnk+1 if and only if we have the following
equalities.
1) q0 + q
pn
0 = d
pnk+1,
2) q1 = d
pnk ,
3) qp
n
pn(k−1) = d,
4) qi = 0 for i 6= 1 and i 6≡ 0 mod pn, i ≤ pn(k−2).
5) qjpn + q
pn
j for all j = 1, . . . , p
n(k−2).
6) ql = q
pn
l for all l = p
n(k−2), . . . , pn(k−1) − 1
From 4) and 5) above, we get qjpn = 0 for 1 < j < p
n(k−2) and j 6≡ 0 mod pn. Also,
q` = 0 for p
n(k−2) < l < pn(k−1). That is, Q(x) is of the form
Q(x) = q0 + q1x+ qpnx
pn + qp2nx
p2n + . . .+ qpn(k−2)x
pn(k−2) + qpn(k−1)x
pn(k−1)
such that
q0 + q
pn
0 = d
pnk+1
q1 = d
pnk
qp
n
pn(k−1) = d
qspn = −qpns for all s = 1, . . . , pn(k−2).
These imply that
qpn = −qpn1 ,
qp2n = −qp
n
pn = −(−qp
n
1 )
pn = qp
2n
1 ,
qptn = (−1)tqptn1
qpn(k−1) = −(qpn(k−2))p
n
= −((−1)k−2qpn(k−2)1 )p
n
= (−1)k−1qpn(k−1)1 .
That is, d uniquely determines the coefficients q1, qpn . . . qpn(k−1) . Moreover, we have
d = qp
n
pn(k−1) = ((−1)k−1qp
n(k−1)
1 )
pn = (−1)k−1qpnk1 = (−1)k−1(dp
nk
)p
nk
= (−1)dp2nk .
Therefore, dp
2nk
= (−1)k−1d. There exists p2nk distinct such d. For each d, there are
pn distinct q0 such that q0 + q
pn
0 = d
pnk+1. Hence, there exist p2nk · pn = pn(2k+1) such
automorphisms. In other words, |G| = pn(2k+1).
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Recall that vP∞(x) = −pn, and vP∞(y) = −(pnk + 1). By setting t :=
xp
n(k−1)
y
, we
obtain
vP∞(t) = −pn(k−1)vP∞(x)− vP∞(y) = −pn(k−1)pn + pnk + 1 = 1
That is, t is a prime element for P∞. Moreover,
σ(t)− t = σ(x)
pn(k−1)
σ(y)
− x
pn(k−1)
y
=
(x+ d)p
n(k−1)
y +Q(x)
− x
pn(k−1)
y
=
y(xp
n(k−1)
+ dp
n(k−1)
)− (y +Q(x))xpn(k−1)
y(y +Q(x))
=
dp
n(k−1)
y − xpn(k−1)Q(x)
y(y +Q(x))
where Q(x) = q0 + q1x+ qpnx
pn + qp2nx
p2n + . . .+ qpn(k−2)x
pn(k−2) + qpn(k−1)x
pn(k−1) .
If d = 0, then qi = 0 for i > 0. Thus, Q(x) = q0. Note that if q0 = 0, then σ = id, i.e.,
σ ∈ G(i)P∞ for all i ≥ 0. Suppose that q0 6= 0. Then we have
σ(t)− t = x
pn(k−1)q0
y(y + q0)
.
Thus,
vP∞(σ(t)− t) = pn(k−1)(−pn) + 2(pnk + 1) = pnk + 2,
i.e., σ ∈ G(i)P∞ for i = 1, . . . , pnk + 1. Note that there are pn such automorphisms.
If d 6= 0, then vP∞(Q(x)) = vP∞(xpn(k−1)) = −pnk. Thus,
vP∞(σ(t)− t) = −2pnk + 2(pnk + 1) = 2.
That is, σ ∈ G(1)P∞ and σ 6∈ G(i)P∞ for i ≥ 2. Therefore, we obtain |G(2)P∞| = pn.
We remark that
|G| = 4|G
(2)
P∞|
(|G(2)P∞| − 1)2
g2 ≤ 4p
(p− 1)2 g
2.
Note that for n = 1 and k ≥ 1 we have the bound stated in Theorem 2.2.8.
Remark 2.2.13. Note that the bound N = 10(g − 1) can only be attained when the
function field is of type (2, 10) and (5, 10), in which case N = 10 or g = 2. In particular,
it is impossible to obtain infinitely many genera for this case as in the other examples.
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3Maximal Function Fields
3.1 Background
Let Fq be the finite field with q elements. The number of rational places of a function
field defined over a finite field Fq can be estimated as follows.
Theorem 3.1.1 (Hasse-Weil Theorem). Let F be a function field of genus g defined
over Fq and N(F ) be the number of its rational places. Then N(F ) satisfies
|N(F )− (q + 1)| ≤ 2g√q.
Definition 3.1.2. A function field F of genus g defined over Fq is called maximal (resp.
minimal) if N(F ) attains the upper (resp. lower) bound in the Hasse-Weil Theorem,
i.e.,
N(F ) = q + 1 + 2g
√
q
(resp. N(F ) = q + 1− 2g√q).
Remark 3.1.3. If q is not a square and F/Fq is maximal or minimal, this implies that
g = 0. Thus, we will always assume that q is a square, i.e., q = `2 for a prime power `.
For a function field F/Fq, we can consider the constant field extension Fn = FFqn
of F/Fq of degree n. If F/Fq is a maximal function field, then the number of rational
places of Fn/Fqn is also known. In particular, if F/Fq is a maximal function field and
n is a positive integer then
N(Fn) = q
n + 1 + (−1)n−12g√qn. (3.1)
This gives rise to the following result.
Theorem 3.1.4. Let F/Fq be a maximal function field and n be a positive integer. If
n is odd, then Fn/Fqn is also maximal. If n is even, then F/Fqn is minimal.
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The following theorem is one of the main tools for the classification of maximal
function fields.
Theorem 3.1.5. [25, Proposition 6] Let E,F be two function fields defined over Fq.
If F is maximal over Fq and E is a subfield of F then E is also maximal over Fq.
The following characterization result is one of the useful tools we have, which is
due to Garcia and Tafazolian; see [37, Theorem 4.1] and [11, Theorem 5.2].
Theorem 3.1.6. Let ` be a prime power and q = `2. Let F be a maximal function field
over Fq. Suppose that there exists H ≤ Aut(F/Fq) such that H is abelian of order `
and FH is rational. Then there exists a divisor m of `+1 such that F is Fq-isomorphic
to the function field defined by
Hm : x` + x = ym.
In particular, the Hermitian function field H`+1 is a Galois extension of F over Fq.
The known results on maximal function fields over Fq of large genus might be
collected as follows, see [7, 8, 21, 24, 32].
Lemma 3.1.7. Let ` be a prime power and q = `2. Let F/Fq be a maximal function
field of genus g. Then we have the following.
(1) g = g1 :=
`(`− 1)
2
, or g = g2 :=
⌊
(`− 1)2
4
⌋
, or g ≤ g3 :=
⌊
q − `+ 4
6
⌋
.
(2) g = g1 if and only if F is Fq-isomorphic to H`+1.
(3) If q is odd then g = g2 if and only if F is Fq-isomorphic to H(`+1)/2.
If q is even then g = g2 if and only if F is Fq-isomorphic to the function field
defined by y`+1 = x`/2 + . . .+ x.
In particular, the Hermitian function field H`+1 is a Galois extension of F over
Fq.
3.1.1 Examples of Maximal Function Fields
In this section, we present the Garcia-Stichtenoth (GS), the Giulietti-Korchma´ros
(GK) and the Garcia-Gu¨neri-Stichtenoth (GGS) function fields.
The first function field we mention is the Garcia-Stichtenoth function field. In [10],
Garcia and Stichtenoth constructed the function field C3 over F272 defined by
C3 : y7 = x9 − x
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and proved that C3 is maximal over F272 . Moreover, they showed that the Hermitian
function field H28 is not a Galois extension of C3. This was the first example of a
maximal function field, which is not Galois covered by the Hermitian function field.
Let ` be a prime power and q = `3. Consider the function field C` over Fq2 defined
by
C` : y`2−`+1 = x`2 − x.
We collect the results from ([10],[19, Section 12.1], [13]) on the Garcia-Stichtenoth
function field C` below.
Proposition 3.1.8. The function field C` has the following properties:
(1) C` is maximal over Fq2 of genus 12(`2 − `)(`2 − 1).
(2) C2 is Galois covered by the Hermitian function field H9.
(3) For ` ≥ 3, the function field C` is not Galois covered by the Hermitian function
field H`3+1.
The Galois extension X` of the Garcia-Stichtenoth function field C` given by
X` :
{
z`
2−`+1 = y`
2 − y
y`+1 = x` + x
is introduced by Giulietti and Korchma´ros in [12]. They showed that X` is also maximal
over F`6 and the Hermitian function field H`3+1 is not a Galois extension of X` for any
` > 2. This function field is referred as GK function field.
Proposition 3.1.9. The function field X` has the following properties:
(1) X` is maximal over F`6 of genus g(X`) = (`
3+1)(`2−2)
2
+ 1.
(2) For ` > 2, the function field X` is not Galois covered by the Hermitian function
field H`3+1.
(3) The full automorphism group Aut(X`) has order `3(`3 + 1)(`2 − 1)(`2 − `+ 1) and
is defined over F`6.
(4) Aut(X`) has exactly 2 short orbits on X`. One is wild of size `3 + 1, consists of all
F`2-rational places of X`. The other is tame of size `3(`3 + 1)(`2− 1), consisting of
all F`6-rational places of X` which are not F`2-rational.
(5) Aut(X`) has a normal subgroup of index d = gcd(3, `+ 1) isomorphic to SU(3, `)×
C(`2−`+1)/d, where SU(3, `) is the special unitary group which preserves the set
X`(F`2) of F`2-rational places of X` and C(`2−`+1)/d is cyclic of order (`2− `+ 1)/d.
The subgroup isomorphic to SU(3, `) is normal in Aut(X`).
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(6) The stabilizer Aut(X`)P∞ of P∞, which is the unique pole of x, y, z, has order
`3(`2 − 1)(`2 − ` + 1) and contains a subgroup (Q`3 o C`2−1) o C(`2−`+1)/d, where
Q`3 is a Sylow p-subgroup of Aut(X`) and C`2−1 is cyclic of order `2 − 1.
The next example is called the Garcia-Gu¨neri-Stichtenoth (GGS) function field
which is a generalization of the Giulietti-Korchma´ros function field. In [9], the authors
showed that GGS function field X`n is F`2n-maximal. The automorphism group of X`n
was determined in [16] and [17].
Let n ≥ 5 be an odd integer. The GGS function field X`n is defined by
X`n :
{
z
`n+1
`+1 = y`
2 − y
y`+1 = x` + x
Note that X`n coincides with X` when n = 3.
Proposition 3.1.10. The GGS function field X`n has the following properties:
(1) X`n is maximal over F`2n of genus g(X`n) = (`− 1)(`n+1 + `n − `2)/2.
(2) For ` ≥ 3, the function field X`n is not Galois covered by the Hermitian function
field H`n.
(3) The full automorphism group Aut(X`n) has order `3(` − 1)(`n + 1) and is defined
over F`2n.
(4) Aut(X`n) has a unique fixed place.
3.1.2 Preliminary Results
Let F be a function field of genus g = g(F ) defined over the finite field Fq of charac-
teristic p. Let K be an algebraic closure of Fq. In [26], Lehr and Matignon considered
the function fields whose automorphism group G fixes a place of F with |G| > 4
(p−1)2 g
2
and obtained a complete characterization of F . Their results provide a birational iso-
morphism for F and an Artin-Schreier function field Xf defined by wp − w = f(x),
which is a priori defined just over K. They also showed that if F/Fq is maximal then
the isomorphism between F and Xf in general does not preserve the maximality, but
it preserves both Aut(F/K) = Aut(F/Fq) and g, see [15]. We will use these results
to relate Aut(F/K) and Aut(Xf/K) and to obtain an upper bound for the order of a
p-subgroup of the automorphism group of a maximal function field over Fp4 .
Using the same notation as in [26] we give the following definition and state their
results, see [26, Proposition 8.5.] and [26, Proposition 8.6.].
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Definition 3.1.11. Let F/K be a function field of genus g. Let G be a p-subgroup of
Aut(F/K). We say that (F,G) satisfies the condition (N) if
g > 0 and |G| > 2p
p− 1g.
Proposition 3.1.12. Assume (F,G) with g ≥ 2 satisfies the condition (N). Then
there is a totally ramified rational place, say Q ∈ PF . Moreover, FG is rational and Q
is the only ramified place in F/FG. Let i0 be the integer such that
G
(2)
Q = G
(3)
Q = . . . = G
(i0)
Q ) G
(i0+1)
Q ,
where G
(j)
Q denotes the j-th ramification group. Then
(1) G
(1)
Q 6= G(2)Q and the fixed field FG
(2)
Q of G
(2)
Q is rational.
(2) If H CG with g(FH) > 0, then G/H is a p-subgroup of Aut(FH/K) and
|G|
g
≤ |G/H|
g(FH)
.
In particular, (FH , G/H) satisfies the condition (N). Moreover, if M ≤ |G|/g2 for
some M one gets
|H| ≤ (1/M)|G/H|
g(FH)2
.
(3) If H CG and G(2)Q ) H ⊃ G(i0+1)Q , then g(FH) = (|G(2)Q /H| − 1)(i0 − 1)/2 > 0 and
(FH , G/H) satisfies the condition (N).
We continue with a structural result on the short orbits of the automorphism group
of a function field F/K for which the classical Hurwitz bound 84(g − 1) does not
hold. This result is due to Stichtenoth [34] and Henn [18]. Recall that a short orbit of
G ≤ Aut(F/K) corresponds to a unique ramified place of FG, see Lemma 1.2.11 and
Remark 1.2.13.
Theorem 3.1.13. [19, Thorem 11.56, Theorem 11.126] Let F be a function field over
K of genus g ≥ 2 and G ≤ Aut(F/K) with |G| > 84(g− 1). Then the fixed field FG is
rational and G has at most three short orbits on F as follows:
(1) exactly three short orbits, one wild and two tame such that each rational place in
the tame short orbits has stabilizer in G of order 2;
(2) exactly two short orbits, both wild;
(3) only one short orbit which is wild;
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(4) exactly two short orbits, one tame and one wild. In this case |G| < 8g3 with the
following exceptions.
• p = 2 and F is isomorphic to the hyperelliptic function field given by the
equation y2 + y = x2
k+1 of genus 2k−1.
• p > 2 and F is isomorphic to the Roquette function field given by the equation
y2 = xq − x of genus (q − 1)/2.
• p ≥ 2 and F is isomorphic to the Hermitian function field given by the equa-
tion yq+1 = xq + x of genus (q2 − q)/2.
• p = 2 and F is isomorphic to the Suzuki function field given by the equation
yq + y = xq0(xq +x) of genus q0(q− 1), where q0 = 2n and q = 22n+1 for some
positive integer n.
The following lemma guarantees that a Sylow p-subgroup of a wild automorphism
group of an Fq-maximal function field F fixes exactly one rational place of F .
Lemma 3.1.14. [15, Proposition 3.8 and Theorem 3.10] The automorphism group
Aut(F/Fq) of a maximal function field F/Fq of genus at least two fixes the set of rational
places of F . Moreover, automorphisms of Fq-maximal function fields are always defined
over Fq.
As a consequence of this lemma we obtain the following corollary.
Corollary 3.1.15. If S is a Sylow p-subgroup of Aut(F/Fq) then S fixes exactly one
rational place Q of F and acts semiregularly on the set of the remaining rational places
of F , i.e., the identity automorphism is the only automorphism fixing the remaining
rational places of F . In particular, if p - g then every σ ∈ S has order at most equal to
√
q.
3.2 Maximal function fields over Fp4
Let F be an Fp4-maximal function field of genus g = g(F ) ≥ 2. We denote by G its
full automorphism group Aut(X/Fp4).
Proposition 3.2.1. Let F/Fp4 be a maximal function field of genus g = g(F ) ≥ 2. If
p divides |G|, then a Sylow p-subgroup of G is of order at most p3; unless F is either
the Hermitian function field Hp2+1 or Galois covered by Hp2+1.
Proof. Suppose that F is not the Hermitian function field. Therefore, by Lemma 3.1.7
g < p
2(p2−1)
2
. Let S be a Sylow p-subgroup of G. Since F/Fp4 is maximal, S fixes
exactly one rational place Q ∈ PF , [19, Lemma 11.129], and since it is defined over
Fp4 from [15, Theorem 3.10], it acts semiregularly on the remaining p4 + 2gp2 rational
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places of F . In particular, |S| divides p4 + 2gp2. Note that if |S| ≥ p4 then p2 divides
2g. Also, as p4 + 2gp2 < p4 +p2(p2−1)p2 = p6 we have that |S| = pk with k = 1, . . . , 5.
Now suppose that |S| ≥ p4. Then g(F S) = 0; otherwise from [19, Theorem 11.78]
we have |S| ≤ g < p2(p2−1)
2
, i.e., |S| < p4. Applying Hurwitz genus formula to F/F S,
we have
2g − 2 = |S|(2g(F S)− 2) + |S| − 1 + ∆(1)Q = ∆(2)Q − 2,
where ∆
(j)
Q =
∑
i≥j
(|S(i)Q | − 1) represents the contribution of the higher ramification
groups at Q for j = 1, 2. That is,
2g = ∆
(2)
Q .
Thus, we have p ≤ |S(2)Q | < p4 since 2 ≤ g <
p2(p2 − 1)
2
. Moreover, p− 1 divides ∆(2)Q
implying that 2g is divisible by p2(p− 1), say 2g = rp2(p− 1), where 1 ≤ r < p+ 1 is
an integer. If r = p then g = p3(p− 1)/2 > g3, where g3 is given in Lemma 3.1.7. This
implies that the Hermitian function field Hp2+1 is a Galois extension of F . Therefore,
we can assume that 2g = rp2(p − 1) for some 1 ≤ r < p. Then (F, S) satisfies the
condition (N) as
|S| ≥ p4 > rp
3(p− 1)
p− 1 =
2pg
p− 1 .
Hence, from Proposition 3.1.12 (1), we also obtain that the fixed field F S
(2)
Q is rational.
• If |S(2)Q | = p, then there is a normal subgroup H C S of order p2 containing S(2)Q .
Therefore, the fixed field FH of H is also rational. Then by Theorem 3.1.6, we
conclude that the Hermitian function field Hp2+1 is a Galois extension of F/Fq.
• If |S(2)Q | = p2, by Theorem 3.1.6, the Hermitian function field Hp2+1 is a Galois
extension of F/Fq.
• If |S(2)Q | = p3, then from [19, Theorem 11.75 (v)] the integers k such that
S
(k)
Q 6= S(k+1)Q are all congruent modulo p. Then we get
S
(2)
Q = S
(3)
Q = . . . = S
(k)
Q 6= S(k+1)Q ,
where k ≡ 1 mod p. Hence,
rp2(p− 1) = 2g = ∆(2)Q ≥ p(p3 − 1),
which implies r ≥ p+ 1, a contradiction.
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From now on, we suppose that G satisfies |G| > 84(g−1). Using Theorem 3.1.13, we
proceed with a case-by-case analysis on the structure of the short orbits of G according
to the following cases.
(1) G has exactly two short orbits, which are both wild.
(2) G has only one short orbit, which is wild.
(3) G has exactly three short orbits, one wild and two tame such that each rational
place in the tame short orbits has stabilizer in G of order 2.
(4) G has exactly two short orbits, one tame and one wild.
Remark 3.2.2. Note that Nakajima in [29] proved that if G is an abelian group then
|G| ≤ 4g + 4. Therefore, G cannot be abelian.
We start with the case p = 2. Then by Lemma 3.1.7, the third largest genus g3 is 2.
Therefore, if g > 2, the Hermitian function field H5 is Galois extension of F . If g = 2,
from [6, Theorem 9] we conclude that F is birationally equivalent to the hyperelliptic
function field defined by x2 + x = y5. Hence, the Hermitian function field H5 is again
a Galois extension of F .
From now on, we assume that p > 2.
Theorem 3.2.3. There exists no Fp4-maximal function field F such that G = Aut(F/Fp4)
admits exactly two short orbits, which are both wild.
Proof. Suppose that G has two wild short orbits, say O1 and O2. Since G has a wild
short orbit, its order is congruent to 0 modulo p. From Lemma 3.1.14, we know that
the fixed rational places of the Sylow p-subgroups of G lie on the set of all rational
places of F (Fp4), and hence O1 and O2 are contained in F (Fp4). Moreover, the size of
each wild short orbit of G is congruent to 1 modulo p as a p-group fixing a rational
place Q in Oi act semiregularly on Oi \ {Q} for i = 1, 2.
The size of the set F (Fp4) \ O1 is congruent to 0 modulo p. As also O2 ( F (Fp4)
has length congruent to 1 modulo p, and |G| is congruent to 0 modulo p we have a
contradiction.
Theorem 3.2.4. Let F/Fp4 be a maximal function field. Suppose that G = Aut(F/Fp4)
has only one short orbit, which is wild. Then the Hermitian function field Hp2+1 is a
Galois extension of F .
Proof. Let S be a Sylow p-subgroup of G and O be the short orbit of G. By Corol-
lary 3.1.15, S fixes exactly one place Q ∈ O. We consider the stabilizer GQ of Q in G.
Note that the extension FGQ over FG is unramified [36, Theorem 3.8.2], and therefore
we obtain Diff(F/FG) = Diff(F/FGQ) from the transitivity of the different divisor.
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Now, let g′ be the genus of the function field FGQ . Applying Hurwitz genus formula
to F/FG and F/FGQ we have
2g − 2 = −2|G|+ deg(Diff(F/FG))
= |GQ|(2g′ − 2) + deg(Diff(F/FGQ)).
Hence −2|G| = |GQ|(2g′ − 2), which is true only if g′ = 0 and G = GQ as −2|G| < 0.
This implies that |O| = 1, i.e., O = {Q}. Then |G| = pkh, where k ∈ {1, 2, 3}, h is
relatively prime to p and G is a semidirect product of its unique Sylow p-subgroup S
of order pk and a cyclic group H of order h. From the Hurwitz’s genus formula applied
to F/FG, we have
2g − 2 = −2pkh+ (pkh− 1) + ∆(1)Q ,
where ∆
(1)
Q =
∑
i≥1(|S(i)Q | − 1) represents the contribution of the higher ramification
groups at Q. Applying now the Hurwitz genus formula to F/F S, we obtain
2g − 2 = pk(2g(F S)− 2) + (pk − 1) + ∆(1)Q
= pk(2g(F S)− 2) + (pk − 1) + 2g − 2 + 2pkh− (pkh− 1), (3.2)
and hence
2g(F S)− 1 + h = 0.
If h > 1, then 2g(F S)− 1 + h > 0, a contradiction. Hence h = 1 and g(F S) = 0.
Thus, G = S is a p-group of order pk where k = 1, 2, 3 from Proposition 3.2.1.
Since the groups of order p and p2 are abelian, by Remark 3.2.2 this cannot be the
case. Hence, we should only consider |S| = p3 and S is not abelian. Note that S satisfies
the condition (N) by our assumption p3 > 84(g − 1) > 2pg/(p− 1). From Proposition
3.1.12, the second ramification S
(2)
Q of G does not coincide with S
(1)
Q = S and the fixed
field F S
(2)
Q is rational. If |S(2)Q | = p2, then the claim follows from Theorem 3.1.6. Hence,
we can assume that |S(2)Q | = p. Since S(2)Q C S, we can find a normal subgroup H of S
containing S
(2)
Q of order p
2. Then FH is rational, and by Theorem 3.1.6, F is Galois
covered by the Hermitian function field Hp2+1 .
Theorem 3.2.5. There exists no Fp4-maximal function field F such that G = Aut(F/Fp4)
admits exactly one wild short orbit, and two tame short orbits whose stabilizers have
order 2 with p ≥ 3.
Proof. Suppose that G has exactly one wild short orbit, say O, and two tame short
orbits whose stabilizers have order 2. Since G has a wild short orbit, |G| has order
congruent to 0 modulo p and a Sylow p-subgroup S of G is nontrivial.
From Lemma 3.1.14, we know that the fixed rational places of the Sylow p-subgroups
of G lie on the set F (Fp4) of rational places of F/Fp4 , and hence O is contained in
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F (Fp4). Moreover, |O| is congruent to 1 modulo |S| (and hence modulo p) as S fixes a
unique rational place Q in O and acts semiregularly on O \ {Q}, i.e., |O| = n|S| + 1
for some n ≥ 0.
From the Hurwitz’s genus formula applied to F/FG we have
2g − 2 = −2|G|+ |O|(|GQ| − 1 + ∆(1)Q ) + |G|/2 + |G|/2
= −|G|+ |O|(|GQ| − 1 + ∆(1)Q ) = |O|(∆(1)Q − 1),
where ∆
(1)
Q =
∑
i≥1
(|G(i)Q | − 1) represents the contribution of the higher ramification
groups at Q. Therefore, we obtain that |O| divides 2g−2 since ∆(1)Q −1 ≥ |S|−1 ≥ p−1.
Suppose that S is the Sylow p-subgroup of GQ. From the Hurwitz genus formula
applied to F/F S, we obtain
2g − 2 = |S|(2g(F S)− 2) + |S| − 1 + ∆(1)Q
= |S|(2g(F S)− 2) + |S| − 1 +
(
2g − 2
|O| + 1
)
.
Hence,
g(F S) =
(2g − 2)(|O| − 1) + |S||O|
2|S||O| . (3.3)
Since g(F S) is a nonnegative integer, we get that |O| > 1 and g(F S) > 0. Moreover,
|O| is even as p is odd, and hence |S| is odd.
Call the ramified places of FG in F corresponding to the tame short orbits as T1, T2.
Note that the ramification indices e(T1) = e(T2) = 2 in this case, [36, Proposition 3.8.5].
Now, we consider the stabilizer GQ of Q in G. There are three cases:
I. T1 and T2 are both unramified in F
GQ/FG.
This case is impossible; otherwise we would have Diff(F/FG) = Diff(F/FGQ),
and as before, this is only possible if g(FGQ) = 0 and |G| = |GQ|. This implies
that |O| = 1, which is a contradiction.
II. Only one of T1, T2 is ramified in F
GQ/FG, say T1.
Since T1 is ramified in F
GQ/FG and e(T1) = 2, all places in F
GQ lying over T1
are unramified in F/FGQ . Therefore, we have
deg(Diff(F/FGQ)) +
|G|
2
= deg(Diff(F/FG)).
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Applying Hurwitz genus formula to F/FG and F/FGQ , we have
2g − 2 = −2|G|+ deg(Diff(F/FG))
= |GQ|(2g(FGQ)− 2) + deg(Diff(F/FGQ)).
Hence, −3|G|
2
= |GQ|(2g(FGQ) − 2), which is true only if g(FGQ) = 0 and
|O| = |G|/|GQ| = 4/3 as −3|G|
2
< 0; therefore, this case also cannot occur.
III. T1 and T2 are both ramified in F
GQ/FG.
As in the second case, the places lying above T1 and T2 are unramified in F/F
GQ .
Thus,
deg(Diff(F/FG)) = deg(Diff(F/FGQ)) + |G|.
Then−|G| = |GQ|(2g(FGQ)−2), which holds only if g(FGQ) = 0 and |G| = 2|GQ|,
i.e., |O| = 2, a contradiction.
Therefore, an Fp4-maximal function field whose full automorphism group admits ex-
actly three short orbits, two tame and one wild, does not exist.
We remark that the only remaining case is the one that G admits exactly one wild
short orbit, say O1, and one tame orbit, say O2. Even though we could not the settle
the case, we have some partial results on this case.
Note that |G| has order congruent to 0 modulo p as G has a wild short orbit. In
particular, a Sylow p-subgroup of G is nontrivial. As before, O1 lies in the set F (Fp4) of
rational places of F . Let Q1 ∈ O1 and Q2 ∈ O2. We denote by S the Sylow p-subgroup
of the stabilizer GQ1 of Q1.
The following lemma will be our main tool.
Lemma 3.2.6. The genus of the fixed field of S is given as follows:
g(F S) =
(2g − 2)(|O1| − 1) + |O1||S| − |O2|
2|O1||S| . (3.4)
Proof. From the Hurwitz’s genus formula, we have the following equalities.
2g − 2 = −2|G|+ |G||GQ1|
(|GQ1| − 1 + ∆(1)Q1) +
|G|
|GQ2|
(|GQ2| − 1)
=
|G|
|GP |(∆
(1)
Q1
− 1)− |G||GQ2|
(3.5)
= |O1|(∆(1)Q1 − 1)− |O2|, (3.6)
where ∆
(1)
Q1
=
∑
i≥1
(|G(i)Q1| − 1) represents the contribution of the higher ramification
groups at Q1. Note that G
(1)
Q1
= S, and hence ∆
(1)
Q1
≥ |S| − 1. Also, from the Hurwitz’s
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genus formula applied to F/F S, we obtain
2g − 2 = |S|(2g(F S)− 2) + |S| − 1 + ∆(1)Q1 . (3.7)
Multiplying both sides of Equation (3.7) by |O1| and replacing |O1|(∆(1)Q1 − 1) by 2g −
2 + |O2|, we get the desired result.
Proposition 3.2.7. Let F (Fp4) = O1∪O2. Then F is Galois covered by the Hermitian
function field if
(a) g(F S) = 0,
(b) g(F S) > 0 and |S| ≥ p3.
Proof. Note that if |O1| = 1, since g(F S) is a nonnegative integer, we get |O2| = |S|
and g(F S) = 0. Therefore, we conclude that |O1| > 1. Using Equation (3.6) and
Equation (3.7), we get
|S|(2g(F S)− 1) + p2 = (|O1| − (p
2 + 1))∆
(1)
Q1
p2 + 1
. (3.8)
(a) Suppose that g(F S) = 0.
• If |S| = p, then from [19, Theorem 12.5] (recalling that every function field
admits a plane model, possibly singular) we know that a plane model of our
function field is given by separated polynomials. Note that applying [19,
Theorem 12.11] we have that either the automorphism group of our function
field fixes a place (we know that it is not our case since |O1| > 1) or it is one
of the following function fields:
(i) yp + y = xm, where m divides p+ 1 or
(i) yp + y = xp+1.
Since these function fields are both Fp2-maximal, they are Fp4-minimal, a
contradiction.
• If |S| = p2, then Hp2+1 is a Galois extension of F/Fp4 from Theorem 3.1.6.
• If |S| = p3, then LHS of (3.8) is negative. Thus, |O1| < 1 + p2, which is
impossible as |O1| ≥ 1 + |S|.
(b) Suppose that g(F S) > 0 and |S| ≥ p3. By Proposition 3.2.1, we can without loss of
generality consider the case that |S| = p3. Then RHS of Equation (3.8) is divisible
by p − 1 and as (p2 + 1, p − 1) = 2 we get that g(F S) > (p − 1)/4. Therefore,
g ≥ p3(p− 1)/4 > g3, which proves the claim.
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Proposition 3.2.8. Let F (Fp4) = O1. Then F is Galois covered by the Hermitian
function field if
(a) g(F S) = 0,
(b) g(F S) > 0 and |S| ≥ p2.
Proof. By Equation (3.5), we have
|G| = 2(g − 1)|GQ1||GQ2|
|GQ2|(∆(1)Q1 − 1)− |GQ1 |
.
Since |GQ2 |(∆(1)Q1 − 1)− |GQ1| ≥ 1, we have
∆
(1)
Q1
− 1
|GQ1|+ 1
≥ 1|GQ2|
.
This yields
2(g − 1)
|G| = −
1
|GQ2 |
+
∆
(1)
Q1
− 1
|GQ1|
≥ − ∆
(1)
Q1
− 1
|GQ1|+ 1
+
∆
(1)
Q1
− 1
|GQ1|
=
∆
(1)
Q1
− 1
|GQ1|(|GQ1|+ 1)
,
and hence
1
p2|GQ1|
≥ 2(g − 1)
2p2g|GQ1|
≥ 2(g − 1)|G| ≥
∆
(1)
Q1
− 1
|GQ1 |(|GQ1|+ 1)
. (3.9)
From Equation (3.9), we get 1 + |GQ1| ≥ p2(∆(1)Q1 − 1) and |GQ2| ≥ p2. Hence,
|O2| = |G||GQ2|
≤ |G|
p2
.
(a) Suppose that g(F S) = 0. Using Equation (3.4), we have
|G| ≥ p2|O2| = p2((2g − 2)(|O1| − 1) + |O1||S|)
= p2(2g(|O1| − 1) + |O1|(|S| − 2) + 2)
= 2gp2(|O1| − 1) + p2|O1|(|S| − 2) + 2p2
≥ (2g)(2g)(2g) + p2(2p2g + p4)(p− 2) + 2p2
> 8g3.
Using Henn’s classification [19, Theorem 11.126], we conclude that F is Galois
covered by the Hermitian function field.
(b) Suppose that g(F S) > 0 and |S| ≥ p2. Let |GQ1| = h|S|, where h is relatively
prime to p. By [19, Theorem 11.60], we have h ≤ 4g(F S) + 2, as h is the order of a
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cyclic group H ' GQ1/S of order relatively prime to p. From Equation (3.9) and
using h ≤ 4g(F S) + 2, we get
(4g(F S) + 2)|S|+ 1 ≥ |GQ1 |+ 1 ≥ p2(∆(1)Q1 − 1),
and hence
g(F S) ≥ p
2(∆
(1)
Q1
− 1)− 2|S| − 1
4|S| ≥
p2(|S| − 2)− 2|S| − 1
4|S| =
|S|(p2 − 2)− 2p2 − 1
4|S| ,
while g ≥ |S|(p
2 − 2)− 2p2 − 1
4
.
• If |S| ≥ p2 ≥ 11, then we get g > g3 = bp4−p2+46 c. Hence, F is Galois covered
by Hp2+1.
• If |S| ≥ p2 = 9, then g ≥ (p4 − 4p2 − 1)/4 = 11. This implies that g = 11
or g = 12 or that F is Galois covered by the Hermitian function field (indeed
the first, the second and the third largest genera in this case are 36, 16 and
12, respectively). Using |O1| = |F (Fp4)|, we have
|O1| =
{
280, if g = 11,
298, if g = 12.
In particular, 9|O1| divides the order of G.
Using Equation (3.4), the genus g(F S) is given by
g(F S) =

20 · 279 + 280 · |S| − |O2|
2 · 280 · |S| , if g = 11,
22 · 297 + 298 · |S| − |O2|
2 · 298 · |S| , if g = 12.
Note that |S| divides |O2| since O2 is a tame short orbit. Hence, |S| divides
279, if g = 11 and |S| divides 297, if g = 12. Also, |O2| is even as g(F S) is an
integer.
We analyze further the cases g = 11 and g = 12 separately.
(i) Suppose that g = 11. Therefore, |S| = 9 as 27 - 279. Since 9 divides |O2|
and |O2| is even; hence, |O2| is at least 18. Using this fact we obtain that
g(F S) =
20 · 279 + 280 · |S| − |O2|
2 · 280 · |S| ≤ 1.
Therefore, g(F S) = 1 and |O2| = 3060. Since both |O2| and 9|O1| divide
|G|, we have that lcm(3060, 9|O1|) = 42840 divides |G|, where lcm denotes
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the least common multiple. In particular, |G|  8g3. Therefore, we get the
claim.
(ii) Suppose that g = 12. If |S| = 27, then g(F S) = 14580− |O2|
16092
= 0. Thus,
we have |S| = 9, and hence
g(F S) =
9216− |O2|
5364
≤ 1.
Therefore, g(F S) = 1 and |O2| = 3852. As before, since lcm(9·298, 3852)  8g3,
we get the claim.
We remark that the question of whether all Fp4-maximal function fields are Galois
covered by the Hermitian function field remains open for the following cases: The
automorphism group G admits exactly one tame short orbit and one wild short orbit
such that
• F (Fp4) = O1 ∪O2, g(F S) > 0 and |S| ≤ p2,
• F (Fp4) = O1, g(F S) > 0 and |S| = p,
• F (Fp4) contains O1 and a long orbit G.
A through investigation on these cases might result in new values of the genus spectrum
of Fp4-maximal function fields.
Remark 3.2.9. Let F be a Fp2-maximal function field of genus g := g(F ) ≥ 2 and
let G = Aut(F ) with |G| > 84(g − 1). Suppose that p divides |G|. Then similarly as
in Proposition 3.2.1, we see that a Sylow subgroup of G, is of order at most p; unless
F is either the Hermitian function field Hp+1 or a Galois subcover of Hp+1. Hence,
it remains to consider the case that a Sylow p-subgroup S of G is of order p. By
Corollary 3.1.15, S fixes exactly one rational place Q of F and S acts semiregularly
on the remaining set F (Fp2) \ {Q} of rational places of F . As in Fp4-maximal function
fields, we continue with a case-by-case analysis on the short orbits structure of G.
(1) Suppose that G has exactly two short orbits O1, O2, which are both wild. This
case cannot occur as in Lemma 3.2.3.
(2) Suppose that G has only one short orbit O, which is wild. Following the same
steps in Lemma 3.2.4, we get |O| = 1. Therefore, G = S. However a group of
order p is abelian, by Remark 3.2.2 it satisfies the Hurwitz’s bound. Hence, this
case also cannot occur.
Therefore, differently from [2], we say more on the orbit structure of the automor-
phism group of F/Fp2 .
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(3) Suppose that G has exactly three short orbits, one wild O1 and two tame O2, O3.
We follow the same argument in Lemma 3.2.5 to get |O1| > 1 and g(F S) > 0. More-
over, |O1| is even. We analyze the ramification in FGQ over FG as in Lemma 3.2.5,
and see that this case cannot occur.
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